Numerical Analysis:

Calculus and Fundamentals:
Big "O" Truncation Error:

The 0™ Order of Approximation

1 1
Clearly, the sequences {n_*} {E }n=L are both converging to zero.In addition, it should
be observed that the first sequence is converging to zero more rapidly than the second
sequence.In the coming modules some special terminology and notation will be used
to describe how rapidly a sequence is converging.

o =

n=1 and

Definition 1.The function £ (1) is said to be big Oh of 9 th) denoted £ (h) = 0 (g (b)) if there
exist constants £ = Dand ¢ > Osuch that

e | = € |om | whenever < I BI = &

The big Oh notation provides a useful way of describing the rate of growth of a function in terms
1

of well-known elementary functions ( ¥» ¥ 7, a”

sequences can be described in a similar manner.

logax | etc.).The rate of convergence of

Definition 2.Let *n}naand {¥n}na be two sequences. The sequence %=} is said to be of order big
Oh of {¥n} , denoted {%n} = 0 ({¥}) if there exist € > ®andNsuch that

| %] = €| ¥ | whenevernz=1,

Often a function T (1) is approximated by a function P (1) and the error bound is known to be
M| K" | This leads to the following definition.

Definition 3.Assume that £ (1) is approximated by the function P (1) and that there exist a real
constant !+ Uand a positive integer n so that

| £(h) -p (h) |
| b | for sufficiently small h.

We say thatapproximateswith order of approximationandwrite

£(h) =ph) +0®m),



When this relation is rewritten in the form | £ (h) -p (h) | = M| k" | we see that the notation

0 (h") stands in place of the error bound ¥ | b" | The following results show how to apply the
definition to simple combinations of two functions.

Theorem (Big "O'" Remainders for Series Approximations).

Assume that £ (h) = p (h) + 0 (h") apd o th) = g (b1 +0 (h") apd r = min {m, n} Then
() f ) +ghl = pth) + g(h) + 0 (h™) ,

(i) £ (W) g (W) = p(h) g (h) + O (h)

E® _pm e

(i) ¢ ™  q @
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provided that @ (k) # 0 and o (h) £ 0

It is instructive to consider ¥ %) to be the 5™ degree Taylor polynomial approximation of £ (¥)
;then the remainder term is simply designated 0 (™) which stands for the presence of omitted
terms starting with the power B™" The remainder term converges to zero with the same rapidity
that B™" converges to zero as h approaches zero, as expressed in the relationship

£l g
(e)

0 k™Y . HE™ -
m+1)!

for sufficiently smallh.Hence the notation © (™) stands in place of the quantity nu™t
whereMis a constant or behaves like a constant.

Theorem (Taylor polynomial).

Assume that the function £ %) and its derivatives £' (), £'' (%), ««., £™ (23 are 2]l

continuous on [& b1 Ifboth *i and * = *u + b ]ie in the interval [& b1 and =% - then

T k)
£ (xp+hl = Z I G g + 0 m™h

k!

k=0
s

is the n-th degree Taylor polynomial expansion of £ (%) about ¥+ .The Taylor polynomial of
degree nis

D ek
P, (%) = Z % (% - %) "

k=0

and



£(x) = Pn(x) + Rn(x) = Py (x) + 0 (0™
The integral form of the remainder is

By (X) = ir -1 £ ey de
nl

b

and Lagrange's formula for the remainder is

(ral) £l
Fp () = L oyt o I e

fm+ 13! (fm+ 131 = 0 (K™Y

where © depends on * and lies somewhere between *u and x|

The following example illustrates the theorems above.The computations use the addition
properties

@0 (HF1 + 0 (kP = 0 (hF) ,
(i) © (hf) + 0 (h® = 0 (h™) where £ = nin {p, o} ,

(iii) © (%) 0 (8%) = 0 (") where 3= P+,
Order of Convergence of a Sequence

Numerical approximations are often arrived at by computing a sequence of approximations that
get closer and closer to the answer desired. The definition of big Oh for sequences was given in
definition 2, and the definition of order of convergence for a sequence is analogous to that given
for functions in Definition 3.

m ¥, = ¥

1i I .. limr, =0
Definition 4.Suppose that ~ and {In}na1is a sequence with == .We say that

{%n}nat converges to xwith the order of convergence 0 (tn) |if there exists a constant K = Osuch
that

| %n-x |

=
| Tn | for n sufficiently large.
This is indicated by writing

¥n =X + 0 ()



or

*n = X with order of convergence 0 (In) .

C 1
x,.,:L[n] ¥n = — lim %, = 0 l]|:—:|
Example.Let nt  and nt ;then = with a rate of convergence ‘nf’ .

Solution.

The Origin of Complex Numbers:
Chapter 1 Complex Numbers:
Overview:

Get ready for a treat. You're about to begin studying some of the most beautiful ideas
in mathematics. They are ideas with surprises. They evolved over several centuries, yet they
greatly simplify extremely difficult computations, making some as easy as sliding a hot knife
through butter. They also have applications in a variety of areas, ranging from fluid flow, to
electric circuits, to the mysterious quantum world. Generally, they are described as belonging to
the area of mathematicsknown as complex analysis.

Section 1.1The Origin of Complex Numbers

Complex analysis can roughly be thought of as the subject that applies the theory of calculus to
imaginary numbers. But what exactly are imaginary numbers? Usually, students learn about
them in high school with introductory remarks from their teachers along the following lines: "We
can't take the square root of a negative number. But let's pretend we can and begin by using the

symbol 1= -1 " Rules are then learned for doing arithmetic with these numbers. At some level

the rules make sense. If =% -1 it stands to reason that if=-1 However, it is not uncommon
for students to wonder whether they are really doing magic rather than mathematics.

If you ever felt that way, congratulate yourself! You're in the company of some of the great
mathematicians from the sixteenth through the nineteenth centuries. They, too, were perplexed
by the notion of roots of negative numbers. Our purpose in this section is to highlight some of
the episodes in the very colorful history of how thinking about imaginarynumbers developed. We
intend to show you that, contrary to popular belief, there is really nothing imaginary about
"imaginary numbers." They are just as real as "real numbers."

Our story begins in 1545. In that year the Italian mathematician Girolamo Cardano published Ars
Magna (The Great Art), a 40-chapter masterpiece in which he gave for the first time an algebraic
solution to the general cubic equation

=
== - =L = - =14 == - = W = i



Cardano did not have at his disposal the power of today's algebraic notation, and he tended to
think of cubes or squares as geometric objects rather than algebraic quantities.Essentially,
1
. . ) L. Z=X-—2a .
however, his solution began with the substiution 3 This move transforms
z+ayz’+arz + & = Oingo the cubic equation x'+bx + ¢ = 0ithout a squared term, which is
called a depressed cubic and can be written as

xg+}:|1-:+n:=lil_

1
. . . b=a-—a
You need not worry about the computational details, but the coefficients are 3 “and
A a1 = =
L = =1 — — = =1 - @ — =1
] = = = = — =
Exploration.
eqnil = z3+a2 22+a;|_z + agr
eqnl = Replacefilleqnil, =z —- X —a- fF3]:
eqn? = Expandfll [egnl]::
efni = Collect[egn?, x]:
Print[egnd == 0] ;
Print["Sub=stitute ", 2o X -—a-JS3F]1-
Primt["Fet" ] ;
Primt[egnl == 0] ;
Print[egn?® -=- 0] ;
Primt[egn3 == 0] ;
A =CoefficientLi=st[egn3, x]-:
Primbt[""]-:
Print_[xBIr n + {II - nﬂ:z]].r II}II - x.r n + {II - ll]_j.:l]nl' II} = nll]:
= &
= 4+ 3 +- = 83 + = Sy == 0O
a
Subh=titiate = o N — 32
et
(=3 =3 = = =
E|.|:|+E|._-|_|:]-C—3:I+|:}C—3:| +|::-:— 3:] Sy == 0O
= =
a4 &a o = a
% 4 oAy + o=y — 1 =F E . - TFE __ 0O
= = =77
= Sy A = a§ a%
=T + 8a — -+ -+ =T =3 — == O
= =7 =
& =
a a4 & = a
x% 4+ (A — —E 1 4+ Ay — —= % ty — 0

-+
= = =



. C t . E=X-—a = X-— = ¥X-3
To illustrate, begin with 2" + 32" + 242 +20 = Uand substitute 3 3 .The
equation then becomes
(2 — =31 % &4 9 = — Z31 % &4 Z4 (== — =31 + =20 = O which
simplifies tox’ -3x+2 = 0
Exploration.
(=T rpg Al =33+922+24z+20:
eognd = BEepdlacefll [ecganl = — I — O S F] -
egnyg = ExprandfR1 1l FTecganed] -
PFPramt e == O] -
Pramt " Subh=Titulte "y E— x — % 5 F]
Primt["Eet" ]
PFPrambt [eognd == 0O07] -
Praimb g™ = O] -
ZE0+ 24 =+ 3 =" + =7 ==
Subh=tittiaat e = o— — 5 4 T
=1
Z0 4+ 21 F(—3 421 + 9 (3 +=31% & (= =317 == 0O
Z— S T == 0

If Cardano could get any value of x that solved a depressed cubic, he could easily get a
1

corresponding solution to z+azz+mz + a0 = 0 from the identity i EER Happily,
Cardano knew how to solve a depressed cubic. The technique had been communicated to him by
Niccolo Fontana who, unfortunately, came to be known as Tartaglia(the stammerer) due to a
speaking disorder. The procedure was also independently discovered some 30 years earlier by
Scipione del Ferro of Bologna. Ferro and Tartaglia showed that one of the solutions to the
depressed cubic equation is

— = =E h* = = L
= F| — & + + W - — = +
= =1 =7F = <1 ="

Although Cardano would not have reasoned in the following way, today we can take this value
for x and use it to factor the depressed cubic into a linear and quadratic term. The remaining
roots can then be found with the quadratic formula.

For example, to solve

==

E+E‘EE

—— _ =3 == —a— ==L ES | .
,use

thesubstitution z = ¥ - 3 to get x'-3%+2 = 0 whichisa depressed cubic equation.Next, apply the
"Ferro-Tartaglia" formula with b=-3 and ©= 2 to get



_z = (=3¢ 2 2¢
2 — & —_— + + A -—= - —_— +
= 4 27 z 4

(-3)%

S oo MEL o1y L g

27 .Since

. k] T . 2 . i
¥ =-2is aroot, ¥+ 2 must be a factor of " - 3% +2 Dividing ®+ 2 into ¥ - Ix+2gjyes ¥ - 2x+1

,which yields the remaining (duplicate) roots of * = 1

obtained by recalling Z = * - 3 which yields the three roots 1 = -2 -3

Uare
Zg:l—3=—2'

. 2 &
.The solutions to & +# 2" + 242 + 20

-Jand 2z

= — I3 — T F] -

Exploration.

= =
el = = + T = + 22 = + 2
el = Eepdacefhld FTecganeil
egnyd = Exproamnad 1l 1 [Tecgand ] -

Pxraimt Fecyail o] -
Pramt " Subh=Titulte
Pxrambt ["et" ] -
LU |
LL |

[ 1]
o

Pramt FTecganld ==

bl

FPFxramnmt [=cgm >

L1

Z20 4+ 2= + 9 =% &+ =7
Suabh st i Tttt e
=1

== 0O

= —= — 5 4+ 3

Z0 4+ 21 (—F +3<1 + 9 [—5 +2x31 °

=

= — T = 4 ¢ == O

Complex Functions and Linear Mappings:
Chapter 2Complex Functions:

Overview:

= —= I — O 5 F] -

The last chapter developed a basic theory of complex numbers. For the next few chapters we turn
our attention to functions of complex numbers. They are defined in a similar way to functions of
real numbers that you studied in calculus; the only difference is that they operate on
complex numbers rather than realnumbers. This chapter focuses primarily on very basic
functions, their representations, and properties associated with functions such as limits and
continuity. You will learn some interesting applications as well as some exciting new ideas.



2.1 Functions and Linear Mappings

A complex-valued function f of the complex variable z is a rule that assigns to each
complex number z in a setD one and only one complex number w.We write ¥ = £ (Z) and call w
the image of z under f.A simple example of a complex-valued function is given by the formula
w=£ (z) =2* The set D is called the domain of f, and the set of all images {w==L (2): 2 €D} g
called the range of f.When the context is obvious, we omit the phrase complex-valued, and
simply refer to a functionf, or to a complex function f.

We can define the domain to be any set that makes sense for a given rule, so for ¥ = £ (2] = z* we
could have the entire complex plane for the domain D, or we might artificially restrict the

domain to some set such asl=D1(0)=4z: [2]| <1} Determining the range fora
function defined by a formula is not always easy, but we will see plenty of examples later on.In
some contexts functions are referred to as mappings or transformations.

In Section 1.6, we used the term domain to indicate a connected open set. When speaking about
the domain ofa function, however, we mean only the set of points on which the function is
defined.This distinction is worth noting, and context will make clear the use intended.

Just as z can be expressed by its real and imaginary parts, 2 = *+1¥ we write £ (2) = W = v+ 1%
,whereu and v are the real and imaginary parts of w, respectively.Doing so gives us the
representation

=L (2) =L (X, ¥ =L (X+1¥) =u+1V

Because u and v depend on x and y, they can be considered to be real-valued functions of the real
variables x and y; that 18,

u=uix, ¥l gnd ¥=v (%, ¥},
Combining these 1ideas, we often write a complex functionf in the form
Ee)=f(x+3¥%) =u (X, ¥) + 17 (X, F)

Figure 2.1 illustrates the notion of a function(mapping) using these symbols.



Donain
i Range

Figure 2.1The mapping "= £ (2) =u (%, ¥) +1¥ (X, ¥)
There are two methods for defining a complex function in Mathematica.

We now give several examples that illustrate how to express a complex function.

Example 2.1.Write £ (=) = z*in the for £ (2) =u (%, ¥) +1v (%, ¥) |
Solution.Using the binomial formula, we obtain

Erz) = £f(x+1v) = (x+17)?

dradiavesdtamisanianisant

x*+41xgy—6xiy2—41xyg+y4

K4—5K2Y2+Y4 + 1(4}{2}*—4}:}*2)

U X, ¥) + 1V (x, ¥)

so that & . ¥) =:-:‘*—|51-:2‘5g2 +y‘i and v (%, ¥) =4xgy—4xy3_

Example 2.2. Express the function £ (2] =2 Re[z] + 2" + In[z] in the form
Bzl =ulx, ¥1 +17 (¥, ¥,

Solution.Using the elementary properties of complexnumbers, it follows that

£(2) = H-L¥)I X+ (X+17) 47 = (22 -7 +¥) +1 (x7)



so that 1 (%, ¥ =2K2—Y2+Ya.ndv[x, ¥l =X¥,

Examples 2.1 and 2.2 show how to find u(x,y) andv(x,y) when a rule for computing f is given.
Conversely, if u(x,y) and v(x,y) are two real-valued functions of the real

variables x and y, they determine a complex-valued function £ 12} =u (%, ¥1 +2% (%, ¥) and we
can use the formulas

to find a formula for f involving the variables z and = .

Example 2.3. Express £ (2) = ax' + 14y’ by a formula involving the variables 2 and Z°,

Solution.Calculation reveals that

=z + v z - Tl
f(zj=4[ > ]+14[ ]

=2+ 22T +T i oaiz  —22T 4T )
= fl-dyzt+(2+2i) 2T+ (l-2) T

Using z = r®’ ®in the expression of a complex function f may be convenient.It gives us the polar
representation

£(z)=f(re'®) =U(r, 8 + 1V (r, &

where U and V are real functions of the real variables r and <.

Remark. For a given function f, the functions u and v defined above are different from those
used previously in £ (2) = £ X+ 3 ¥) =u (%, ¥) + 1 ¥ (X, ¥) which used
Cartesian coordinates instead of polarcoordinates.

Example 2.4. Express L (2] = 2" in both Cartesian and polar form.

Solution.For the Cartesian form, a simple calculationgives



E(z] = E(X+2¥) = (x+27)°
= xz—}*2+2:ﬂ.x§g

ux, ¥) + 1V (X, ¥)

sothatn 6, ¥) =x" - ¥ and v (x, ¥) =x ¥,

For the polar form, we get v
i e:l £ i _ife

£ (z) = f(rmiej = |[rcE

i (cosZ8+disinzE

H T
rToosd8 + AE siniZE

Uir,8) +1¥(r, 6

sothatU(t, 8 =t'cos28 and V(r,8) =t’ sinZ@&

Remark. Once we have defined u and v for a function f in Cartesian form, we must use different
symbols if we want to express f in polar form. As is clear here, the functions u and U are quite
different, as are v and V.Of course, if we are working only in one context, we can use any
symbols we choose.

For a given function f, the functions u and v defined here are different from those defined by

equation (2-1), because equation (2-1) involves Cartesiancoordinates and equation (2-2) involves
polarcoordinates.

Example 2.5. Express £ (2] = 2" +dz’ -8 ip polar form.
Solution. We obtain

f(z) = f(reiej = (reier+4|IrtEie:|2—6

toos5B+dricoa2e-6+1(r sin50+ 4rfsin2m)

U(r, 8 +«1V(r, &



so that U (t, 8 =r' coz58+4r' co226-6 and ¥ (r, 8) =t sin58+4r sin28

We now look at the geometric interpretation of a complex function.If D is the domain of real-
valued functions u(x,y) and v(x,y), the equations

w=1u(x, ¥) and v=v (%, ¥)

describe a transformation (or mapping) from D in the xy plane into the uv plane, also called
the w plane. Therefore, we can also consider the function

w=L (2] =0 (X, ¥ +LV (¥, ¥)

to be a transformation (or mapping) from the set D in the z plane onto the range R in the w
plane.This idea was illustrated in Figure 2.1. In the following paragraphs we present some
additional key ideas. They are staples for any kind of function, and you should memorize all the
terms in bold.

If A is a subset of the domain D of f, the set £ = 1w =L (2] : 2 €4} ig called the image of the set A,
and f is said to map A onto B.The image of a single point is a single point, and the image of the
entire domain, D, is the range, R.The mapping ¥ = £ (2] is said to be from A into S if the image

of A is contained inS.Mathematicians use the notation £: & =5 to indicate that a function maps A
into S.Figure 2.2 illustratesa function f whose domain is D and whose range isR.The shaded
areas depict that the function maps A onto B.The function also maps A into R, and, of course, it
maps D onto R.



Domain
I Range

Figure 2.2 "= £ (Z) maps A ontoB; ¥ =T (2J maps A into R.

The inverse image ofa pointw is the set of all pointsz inD such that™=£f (z) The
inverse image ofa point may be one point, several points, or nothing at all.If the last case occurs

then the point w is not in the range of f.For example, if = £ (2) = 1 = the inverse image of the
point -1 is the single point L, because ¥=£ (2} =1 (2} = -1 and 2 is the only point that maps
to -1 In the case of "= £ (2) = z' the inverse image of the point -1 is the set {1, -1} You will
learn in Chapter 5 that, if ¥ = £ (2) = &% the inverse image of the point 0 is the empty set---there is

no complex number z such that ®* =0

The inverse image of a set of points, S, is the collection of all points in the domain that map into
S.If f maps D onto R it is possible for the inverseimage of R to be function as well, but the
original function must have a special property: a function f is said to be one-to-one if it maps

distinct points 21 # 2: onto distinct points £ (21} # £ (2:1 Many times an easy way to prove that a
function f is one-to-one is to suppose £ (21) =L (2:) Jand from this assumption deduce that 21
must equal 2: Thus, T (2) = L2 s one-to-one because if £ (21) =T (2:) then 121 =212: Dividing
both sides of the last equation by T gives Z1 = Z: .Figure 2.3 illustrates the idea of a one-to-one
function: distinct points get mapped to distinct points.

T

x u

K v



Figure 2.3A functionw = f(z)that is one-to-one.

The function £ {2) = 2" is not one-to-one because -i #a but £ () = £ (-1} = -1 Figure 2.4 depicts
this situation: at least two different points get mapped to the same point.

=)

Figure 2.4A function that is not one-to-one.

In the exercises we ask you to demonstrate that one-to-one functions give rise to inverses that
arefunctions.Loosely speaking, if ™ = £ (2) maps the set A one-to-one and onto the set B, then for
cach w in B there exists exactly one point z in AA such that ¥ = £ (2} For any such value of z we
can take the equation ¥ = £ (21 and "solve" for z as a function ofw.Doing so produces an inverse
function 2 = 9 (W) where the following equations hold:

gIf(z11 =2 foral ze &, and

Eigwml=w forall =z E

Conversely, if ™=t (2) and Z=9 (W are functions that map A into B and B into A, respectively,
and the above hold, then f maps the set A one-to-one and onto the set B.

Further, if f is a one-to-one mapping from D onto T and if A is a subset of D, then f'is a one-to-
one mapping from A onto its image B.We can also show that, if £ = £ (2] {5 a one-to-one mapping
from A onto B and ¥ = 9 (£) is a one-to-one mapping from B onto S, then the composite mapping
w=g (£ (2)] {5 a one-to-one mapping from A onto S.

We usually indicate the inverse of £ by the symbol £ If the domains of £ and £~ are A
and B respectively, then we write

£ (E(2)) =z forallZ € & and

£ (£ ()

wforall ™ & B,
Also, for 20 & 2and ¥ € F

wy = £ (2] {ff £ () = 2 ,and



Zg = £ (W) iff £ (Z0) =Wy

The Solution of Nonlinear Equations f(x) = 0:

Fixed Point Iteration:

A fundamental principle in computer science is iteration.As the name suggests, a process is
repeated until an answer is achieved. Iterative techniques are used to find roots ofequations,
solutions of linear and nonlinear systems ofequations, and solutions of differential equations.

A rule or function ¥ %) for computing successive terms is needed, together with a starting
value Pv .Then a sequence of values ‘Px! is obtained using the iterative rule Px+1 =9 (Px) The
sequence has the pattern

Pu (starting value)
P1=0 (Fa)
Pe =0 (p1)

Pr =0 (Pg1)
Pril =9 (D)

What can we learn from an unending sequence of numbers?If the numbers tend to a limit, we
suspect that it is the answer.

Finding Fixed Points

Definition ( FixedPoint ). A fixed point of a function ¥ (¥} is a number ¥ such that ¥ =9 (F),

Caution.A fixed point is not a root of the equation ! = 7 (x] it is a solution of the equation
X =g (x),

Geometrically, the fixed points of a function ¥ (¥} are the point(s) of intersection of the curve
¥ =19 (%) and the line ¥ = %,



CF . CF3n

FP=g(Fd)

Definition (Fixed Point Iteration). The iteration Pr =9 (Pa1) for 2="0. 1, ... js called fixed
point iteration.

Theorem (For a converging sequence). Assume that 9 (%) is a continuous function and
that {P=tn. is a sequence generated by fixed point iteration.

lim p,=F . .
If == ,then F is a fixed point of ¥ (xJ .

The following two theorems establish conditions for the existence of a fixed point and the
convergence of the fixed-point iteration process to a fixed point.

Theorem (First Fixed Point Theorem). Assume that 9&€[a, bl i e 9 (¥] is continuous on

[a, b]
Then we have the following conclusions.
(1).If the range of the mapping ¥ =¥ (¥) satisfies ¥ [&, bl for all * € [, b] [then ¥ has a fixed
point in [&: b] |
(ii).Furthermore, suppose that 9" (%) is defined over (2. b) and that a positive constant ¥ =<1
exists with

Lot (x) | = Kforall & (28, 1) then ¢ has aunique fixed point ¥ in [, b,

Theorem (Second Fixed Point Theorem). Assume that the following hypothesis hold true.
(a) ¥ is a fixed point of a function ¢,

(b) g, d' €C[a, b] ,

(c) E is a positive constant,

(d)pe e (a. bl and

(e) ¥ (%) & [a, b] forall ® & [a, b]

Then we have the following conclusions.



(1).If la' ()| =K=<1lforall = [2: b] then the iteration P~ = ¥ (P»1) will converge to the
unique fixed point ¥ € (8, bJ In this case, ¥ is said to be an attractive fixed point.
(i).If o' )| = 1forall*€ [a, bl then the iteration P» = 9 (Pa1) will not converge to ¥ .

In this case, F is said to be a repelling fixed point and the iteration exhibits local divergence.

Remark 1. It is assumed that Ps #F in statement (ii).

Remark 2. Because 9is continuous on an interval containing ¥, it is permissible to use the
simpler criterion | ' (F) | =E=land I o' ()| = 1 in (i) and (ii), respectively.

Corollary. Assume that 7satisfies hypothesis (a)-(e)of the previous theorem.Bounds for the error
involved when using Pr to approximate ¥ are given by

|P-pn| sK' |P-pilfornzl,
and

|P—p,-. = P1 - Do

1-K fornel,

Graphical Interpretation of Fixed-point Iteration

Since we seek a fixed point F to 9 (%) it is necessary that the graph of the curve ¥ = ¢ (%) and the
line ¥ = ¥ intersect at the point ¥« F1
The following animations illustrate two types iteration: monotone and oscillating.

Algorithm (Fixed Point Iteration).To find a solution to the equation ¥ = 4 {*) by starting with Ps
and iterating Pr = 9 (Pna)

Mathematical Subroutine (Fixed Point Iteration).

The Bisection Method:

Background. The bisection method is one of the bracketing methods for finding roots

of equations.

Implementation.Given a function f(x) and an interval which might contain a root, perform a
predetermined number of iterations using the bisection method.

Limitations.Investigate the result of applying the bisection method over an interval where there
is a discontinuity. Applythe bisection method for a function using an interval where there are
distinct roots.Apply the bisection method over a "large" interval.



Theorem (Bisection Theorem). Assume that £ € €[& I] and that there exists a number ¢ [& b]
such that £ (r) =10,

If £ (=) and £ (b) have opposite signs, and 5=} represents the sequence of midpoints generated
by the bisection process, then

b -a

E - Cp -
2l fornh=10, 1, -

=

and the sequence %~} converges to the zero * = I.

o lim e, =
That is, ¥+

Mathematical Subroutine (Bisection Method).

Bisection[al b0 ., m ] :=

Module[{},
b = H[BhO0]:
a+ b
C = T
2
k = 0;

output = {{k, a, ¢, b, £f[cl1}};

‘mlile[k = T,

If[ Sign[£[b]1] == Sign[f[c]].
h=cCc, a=10Cc:]:

a+ b
C = H
2
kK =k+1;

output = Append [output, {k, a, c, b, £f[c]}]: ]:
Print [HunberForm[TableForm[output ,
TahleHeadings — {Hone, {"kK", "a;", "ci" "hy" "E[cx1" 331, 161]1;

Print[" c =", HumberForm[c, 1&] ]:
Print[" Ac = 2", h_a];

2
Print["f[c] = ", HumberForm[Ef[c], 16] 1 ]

Example .Find all the real solutions to the cubic equation x'+4x’-l0=0,

Solution.



Reduce the volume of printout.
After you have debugged you program and it is working properly, delete the unnecessary print

statements.

Concise Program for the Bisection Method

Ha=eciLtiaiomn [ =Sl  EmHNR ~ 3 ] T =

I-Icrﬂu:l_e[{a — HMrr=ao] - 3 — HICED] 3
& + =
— = e —-—
=
B = L 1]
Thile [l = m.,.
XL SaognfCECE11 == S3iaogmafCELC—11 -
B = = =& = == A-r
& + E»
— = _
==
. = B o+ A 1-
Fxa it " — = "y EHHwndeserFoaoaxrsmn [ . A6 ] 1 -
Pxrimt [ . = = h;a]=
=
Fxraxmt " Er—1 = " e Hwomidr»exrFoxrasn FTECC—c131 .. A1 13- ] H

Now test the example to see if it still works. Use the last case in Example 1 given above
and compare with the previous results.

Bisection[1, 2, 30]: o = 1.365230013150722
= [ — 1] = —_— =1 3492:!_'?8'?4732555}::_1_!:!_9
Ao = +4.6566Lx 107"

Reducing the Computational Load for the Bisection Method

The following program uses fewer computations in the bisection method and is the traditional

way to do it.Ca



Ha ==ov2ar— T3 o [ ol - Emik ~ 3= 1 = =

l-IﬂﬂIllE[{-El_ = T F-=x ]l . E» = BT FEx=k | & .
= @+ Em
— = _  r
=
a5 = FLCE1 -

E‘
I

Er—1-r
B = e -
ThhE e 3 =
T Sicgni>Ei] == =Gdgmi>c]l.

Frxamxt rC" = " EHwwmdixyexFoexase C— . A1 1 -
B2w — =

Freamt [ A = = — 1 -

a3 wnl ' I =1 = " EuwmmndisexF aesxrasmm e, A ] 1 - ]

n you determine how many fewer functional evaluations are used ?

Various Scenarios and Animations for the Bisection Method.

Hisection[ald , B0 . m ] :=
Module|[ {23,

a = HLaD]l:
I = H[BhO]:
a + b
cC = — "
=
kK = 0D;

cutput = f{k, a, o, b, E[c]13¥3%:
While|[k = m,
TEL Sigm[£[b]1]1 == Sign[f[cl].-

1

I = C, a = Cr H
a +
c = —
2
= k+ 1;

output = Append[output , f{k, a, c, b, E[c1}1: ]:
Print [HumberForm[TableForm[ouwtput .
TableHeadings — {Hone, {"k" . "a;" , "Cx" » "Bye" . "ELc;: 1" 331 .. 1611
Primt[" [ = = ", HumberForm[c, 167 ]-:
Print[" ac = =, l:';E'L]:
2
Print["f[c] = ", HunberForm[f[c] . 167 1: ]



FixedPointTteration[x=x0 , max ] :=
Module [ {3}
Po = H[x0];
= b;
Print[" "o, " = ", PaddedForm[p; ., £15, 15311+
TThile[[k <= max,
Modulel{}.

Pi = glpa1-
kK = k+ 1;

Print[" ", " = ", PaddedForm[p,; ., {15, 15371 1+
Po = Par 17 1-
P = BPor
Prinmt[" "1-:
Print["The function is g[x] = ", gl[x]1]1-
Print[" B = ", PaddedForm[p, {15, 13311:
Print["glpl = ", PaddedFormiglp]. {15, 153311 1:

i

X

. . . . T = lex-—

Example. Use fixed point iteration to find the fixed point(s) for the function 3

Solution.

The Regula Falsi Method:

Background.
The Regula Falsi method is one of the bracketing methods for finding roots of equations.

Implementation.Given a function f(x) and an interval which might contain a root, perform a
predetermined number of iterations using the Regula Falsi method.

Limitations.Investigate the result of applying the Regula Falsi method over an interval where
there is a discontinuity.Applythe Regula Falsi method for a function using an interval where
there are distinct roots. Apply the Regula Falsi method over a "large" interval.

Theorem (Regula Falsi Theorem). Assume that £ = €[= bl and that there exists
anumber € [&b] guchthat £ (r) =0,

If £ (a)and £ (b) have opposite signs, and

2n £ (by) - by £ (a5)
Eib,) - £ (&)

T

represents the sequence of points generated by the Regula Falsi process, then the sequence *%n}



converges to the zero * = .

. lim e, = E
That is, k=

Mathematica Subroutine (Regula Falsi Method).

RegulaFalsi[a0 b0 ., m ] :=

Module[{},
a = H[ald]:
b = H[bO]:
af[b] -b£[a]
T T fm1-fral
kK = 0;

output = {{k; a,c, b, £[c]}}:
While[k = m,
If[ S5ign[f[b]1] == Sign[flc]].
h=cCc, a=o0Cr]:
af[b] -bf[a]
f[b] - £[a]
kE=Ek+1;
output = Append[output, {k, a, c, b, £[c]1}]1: ]:
Print [HumberForm[TabhleForm[output ,
TableHeadings — {Hone, {"K", "ax", "cx", "by", "£[cx]1" }}1, 161 1;
Print[" c =", HubherForm[c, 1&] ]:
Print["f[c] = ", HumberForm[E[c], 16] ]1: ]

Example.Find all the real solutions to the cubic equation x e dx-10=0
Solution.

Remember. The Regula Falsi method can only be used to find a real root in an interval [a,b] in
which f[x] changes sign.

Reduce the volume of printout.

After you have debugged you program and it is working properly, delete the unnecessary print
statements.



Concise Program for the Regula Falsi

BegulaFalsil[fald , o , ym ]
Modul & [ £y,

a = H[an]:
I» = H[BDO]:
a f[Ih] — = £ffal]
== £Lb]1 - £La]
kK = ;
While[k = m.
IfrS3iognlfB2r1] == Signlflfcli]..
P = C, a = ;! -
a frflhx»] — W £fLal
== £Lb]1 — £La]
XK = K+ 1 =
Praimnt[" [ =] = ", HunberForm[c, 1a6] 1-
Print["f[—] = ", Humnb»eyForm[Ef[c]1 ., 1] 1: ]

Now test the example to see if it still works. Use the last case in Example 1 given above
and compare with the previous results.

RegulaFal=i[1, 2, 30]; c = l.363230013414096

F[[=o] = —S.=Z1l7F7=4AS9 S 7900577 == 1LO—HF

Reducing the Computational Load for the Regula Falsi Method

The following program uses fewer computations in the Regula Falsi method and is the traditional
way to do it.Can you determine how many fewer functional evaluations are used ?

Newton's Method:

If £x), £' (x), and £' (x) are continuous near a root P, then this extra information
regarding the nature of £ (%) can be used to develop algorithms that

will produce sequences iFx} that converge faster to P than either the bisection or false position
method. The Newton-Raphson (or simply Newton's) method is one of the most useful and best

knownalgorithms that relies on the continuity of £' () &d £' () The method is attributed
to Sir Isaac Newton (1643-1727) andJoseph Raphson (1648-1715).

Theorem ( Newton-Raphson Theorem ).Assume that £ & ¢*[a, b] and there exists
anumber P € [a,b] where £ (0 =0Jft' (0] # 0 then there existsa ¢ = 0 such that the

sequence {Pxlx= defined by the iteration



£ i)

Pril = § (Px) = Dy -
£' (py) fork:ﬂ; 1, ...

will converge to P for any initial approximation Po & [P -9, P +¢] |

Algorithm ( Newton-Raphson Iteration ).To find a root of £ ) = Ugiven an initial
approximation Fe using the iteration

E ()
£' () fork =0,1,.,1 .

Pyl = Pr -

Mathematica Subroutine (Newton-Raphson Iteration).

HewtonRaphson[x0 , max ] :=
Hudule[{},
k=10;
p0 = H[x0]:
Print["p; = ", PaddedForm[p0, {16, 16}], ", f[po] = ", HumberForm[£[p0], 16] 1:
pl = pl;
While| k < max,

po = pl;

f[po
p1 - po - 2,

f'[po]
k=k+1;
Print["p"yx, " = ", PaddedForm[pl, {16, 16}], ",

£f[", "p"x, "1 = ", HunberForm[f[p1], 161 1; ]:
Print[" p =", HumberForm[pl, 16] ]:

Print[" Ap = 2", Fhs[pl-p0]];
Print["£[p] ", HumberForm[f[pl], 16] 1: ]

Example.Use Newton's method to find the three roots of the cubic polynomial
£[x] = 4%’ -15x" +17x -6

x] = x £lx]
Determine the Newton-Raphson iteration formula s £'1x] that is used.Show details of

the computations for the starting value Po = 3.
Solution.



Definition (Order of a Root)Assume thatf(x)and its derivatives £' (%), --., £ (%) are defined
and continuous on an interval aboutx = p.We say thatf(x) = Ohas a root of ordermatx = pif and
only if

E(p) =0, £' (p) =0, £'' (P) =0, .., 5" (p1 =0, £°™ (p1 £ 0

A root of orderm = 1is often called a simple root, and ifm > lit is called amultiple root.A root
of orderm = 2is sometimes called a double root, and so on.The next result will illuminate these
concepts.

Definition (Order of Convergence)Assume that '~ converges top,and set En = P - bn for n =10
If two positive constants & # U and F = 0 exjst, and

_ i
I:':l-\-—|-_'l_ I — 1 4G m I -1 I — -l!-:!l-.r

1 dm B
=

then the sequence is said to converge topwith order of convergence R.The numberAis called
the asymptotic error constant.The cases F = 1 £ are given specialconsideration.

@)IfR =1, the convergence of {Px}x= is called linear.

(ii)IfF = 2, the convergence of {Fx}x= is called quadratic.

Theorem (Convergence Rate for Newton-Raphson Iteration)Assume that Newton-Raphson
iteration produces a sequence Px}x-1 that converges to the rootpof the function £ (x) .

Ifpis a simple root, then convergence is quadratic and
I ="' Cx=1 |1 =
Fic,n = Co1E (-
= = 1 £ o | *

forksufficiently large.

. . o E "
Ifpis a multiple root of orderm,then convergence is linear and | o |

forksufficiently large.

Reduce the volume of printout.

After you have debugged you program and it is working properly, delete the unnecessary print
statements



Print[p0 = , PaddedForm[H[p0], {11, 11}], . £[p0] = . £[P0]11: 5nd
Print[p, k, = , PaddedForm[H[p1], {11, 11}]. . I[p, k.1 = , £f[p1] 1:

Concise Program for the Newton-Raphson Method
HesrtonBPEagryh=oaom [3cik . yaax 1 = =
Module [ £ 3 .-
= = Ik
0 = ®Ir>x=Oo] -
Al = pxik:
Thidle [ = = swaac
P = 3FxA 7
Frx»01 _
£ ' Lol
= = ¥+ A: |-
PFxamt " e = e, HwmiixexrF oy fCpad . a1 1 -
Fxramit " .5 = =" _Q“ Akx=CxrxrA1 —xxxx01 1A-
Fxaxnmt " EF L1 = "y HwnmyexrFoaoxrsnn F EF FpA ] . A&a]1 1 - ]:

Pl = 0 —

Now test this subroutine using the function in Example 1.

f[x 1=4% -15% + 17X - 6;

Print["£[x] = ", £[x] 1; £[%] = -6+17% -15x%" + 4%’ HewtonRaphson[3.0,7]; p = z.
Ap = +2.85424x107" f£[p] = 0. HewtonRaphson[0.0, 8]: p = 0.7500000000000001

Ap = #3.58021x10°0

= [ 1 — 1 - Ll OE=EESOsE s =Sl S TF o= Lo F
HewtonRaph=son[1.4, 5]; p = 1.

= [ 1 — = I — I s B = R B = Thor o I e B R, T e Rl

Ap = %2.27026x 107"

Error Checking in the Newton-Raphson Method

Error checking can be added to the Newton-Raphson method.Here we have added a third
parameter ¢ to the subroutine which estimate



HewbtonBagprhesoa [l . & 2 seaeoc 1
i LraTe AT [ £y,

= = L1 -
el — XA Q[>c0x] -
Ay = DA§
‘E'I'hile[]l:rl.ﬂ[k—:: AT . & = HAlxzw==CAxx 1 1 .-
Erxeol

AE = i rmod

1 = xrF — Agr-

= = B + A~

=0 = pd: =
PFxramit " b =] = " HwmibxbexrFoxrsnFCp»A2 . 117 13-
Frxramit " F.aa = =" O Mkw=TaAxx]1 1-
Pxamt " FLCx>1 = e HwwmmdyexrFoaorsn f F 32 ]F . A 3217 1- ] H

e the accuracy of the numerical solution.

The following subroutine call uses a maximum of 20 iterations, just to make sure enough
iterations are performed.However, it will terminate when the difference between consecutive
iterations is less than 107" .By interrogatingkafterward we can see how many iterations were
actually performed.

flx 1=4% -15% + 17X - 6;
Print["£[x] = ", £[x] 1:

Hmrtﬂr-RFE-Phsc-nI:ﬂ_ﬂ, :l_ﬂ_:'—':'_,._ 2.1]:
E[x] = -6+17%x-15%x"+4%° p = 0.75 Ap = #3.5302l=10"" f[p] = -1.1102230246% 107

Various Scenarios

The Secant Method:

The Newton-Raphson algorithm requires two functionsevaluations per iteration, £ (Px) and

£' (re) Historically, thecalculation of a derivative could involve considerable effort.But, with
modern computer algebra software packages such asMathematica, this has become less of an
issue.Moreover, many functions have non-elementary forms (integrals, sums, discrete solution to
an [.V.P.), and it is desirable to have a method for finding a root that does not depend on the
computation of aderivative. The secant method does not need a formula for thederivative and it
can be coded so that only one new function evaluation is required per iteration.

The formula for the secant method is the same one that was used in the regula falsi method,
except that the logical decisions regarding how to define each succeeding term are different.



Theorem (Secant Method).

Assume that £€ € [a, bl and there exists a number P € [a, b] ,where £ (p) =0 f£"' (p) #0

then there exists a ¢ = 0 such that the sequence {Px}x-o defined by the iteration
E (733 CEFac — I3c_31 1}

FPFic s = oF CIFac_a3 I3c = Iz —
g £ (133 — £ CIdae_a 2

fork=10,1,

will converge to P for certain initial approximations Pos P1 & [P - ¢, P+ ¢]

Algorithm ( Secant Method ).Find a root of £ (%) = U given two initial approximations v @d p1
using the iteration

S _ S _ = [ o == F WS | [ nie ==, T — E " .
= CXrae A — = CE "3 3 A
for]’i = l; 2; e I

SecantMethod[x0 , x1 , max ] :=

Hndule[{},
k = 1;
p0 = H[x0]:
pl = H[x1]:
Print["p, = ", PaddedForm[p0, {16, 163}], ", flpo] = ", HumberForm[f[p0], 16] 1:
Print["p; = ", PaddedForm[pl, {16, 163}], ", f[p1] = ", HumberForm[f[pl], 16] 1:
p2 = pl;
pl = pb;
‘H'hile[k-< max,
po = pl:
pl = p2;
p2 - pl - f[pl] (pl - p0)

f[pl] - f[p0]

k= k+1;
Print["p"yx, " = ", PaddedForm[p2, {16, 163], ", f[", "pP"x, "1 = ", HumberForm[£[p2], 16] 1: ]:
Print[" p =", HubherForm[p2, 16] ]1:
Print[" 4p = =", Rbs[p2-pl1]1:
Print[" £[p] = ", HumberForm[f[p2], 161 1; ]

Mathematica Subroutine (Secant Method).

Example.Use the secant method to find the three roots of the cubic polynomial
£[x] = 4x’ - 16x"+17x -4
£lx]

: ) ) glx] = x- — :
Determine the secant iteration formula £'[x] that is used.

Show details of the computations for the starting value o =3 and py = 2.5
Solution.



Reduce the volume of printout.

After you have debugged you program and it is working properly, delete the unnecessary print
statements

Pramt [0 = » PaddedForm[H[pO] , £f11, 131371 .. - fFrpoj = r E[fp0] 1-
Pramt[ppd1 = » PaddedForm[H[p1] . £11, 1313%]1 .. - fFrpgpil = r Efp1] 1-
and
Print[p, k, = , PaddedForm[H[p2]1., £11, 113}]1. . flp. k. 1 = . £[p21 1:
and

Concise Program for the Secant Method

SecantMethod[x0 ., x1 , max ]:=
Module[{},

k=1;

p0 = H[x0];

pl = H[x1]:

p2 = pl;

pl = pl;

‘H']iile[k < max,

po = pl;

Pl = p2;

flpl1] (p1 - p0}
f[pl] - L[p0]
k= k+1: ]:

p2

Print[" p
Print[" Ap
Print["f[p]

", HumberForm[p2, 16] 1;
', Abs[p? -pl] ]:
", HumberForm[£[p2], 161 1: ]:

Now test this subroutine using the function in Example 1.

f[Xx 1=4% -16% +17x-4;

Print["£[x] = ", £[x]11: £[x] = -4+ 17x-16x%" + 4%’ SecantMethod[3.0, 2.8, 10];
p = 2.406803251324l66 Ap = #0. f£[p] = 0. SecantMethod[0.6, 0.5, 10];
p = 0.328538458611415 Ap = #0. f£[p] = 1.387778780751446 «107°
SecantMethod[1.0, 1.1, 8]; p = 1.26465329006442 4Ap = 0. f£[p] = 0.

Error Checking in the Secant Method

Error checking can be added to the secant method.Here we have added a third parameter ¢ to the
subroutine which estimate the accuracy of the numerical solution.



SecantMethod[x0 ,x1 .4 ,max ] :=
Hudule[{},

k=10;

pl = H[x0];

pl = H[x1];

Ap = 1;

While[ Aind[ k < max, 6 < Abs[4p] 1,
f[pl] (pl - p0)

1 - to0

P2 = pl - ip:

k=k+1;

pl = pl;

pl = p2: |;

Print[" p =", HuherForm[p2, 11] ]:

Print[" Ap = +", Bhs[ip] ]1:
Print["f[p] I, HumberForm[£f[p2], 11] ]: ]:

The following subroutine call uses a maximum of 20 iterations, just to make sure enough
iterations are performed.

However, it will terminate when the difference between consecutive iterations is less than 17"
By interrogatingkafterward we can see how many iterations were actually performed.

flx 1=4% -16% +17x-4;
Print["f[x] = ", £[x] 1; Elx] = -4+ 17x-16x" + 4%’
SecantMethod[3.0, 2.8, 1077, 20];
Print["The number of iterations used was ", k]: p = 2.4068032Z513
Ap = #6.43586x 107 flp] = 0. The muwher of iterations used was &
SecantMethod[0.6, 0.5, 1077, 20];
Print["The number of iterations used was ", k]: p = 0.328538453861
Ap = $1.11885x107Y f£[p] = 1.3877787808x 107 The mumber of iterations used was &
SecantMethod[1.0, 1.1, 1077, 20]:
Print["The number of iterations used was ", k]: p = l.2648582901

Ap = +6. 2505 x 1071 fip] = 0. The number of iterations used was 6

Various Scenarios and Animations for the Secant Method.



SecantMethod[x0 , x1 , max ] :=
Module[{},
k= 1;
pl = H[x0]:
pl = H[x1]:
Praint["£f[x] = ", E[x]1 1:
Flpx] (Px - Prad) 4.
fIped - flonal 1

Print-[llpk+1 = g[Px ;Pxal]l = Px -

Print["p; = ", PaddedForm[p0, {16, 16}], " . flpo] = ", HumberForm[f[p0], 16] ]:
Print["p; = ", PaddedForm[pl, {16, 16}], ", f[pi] = ", FumberForm[f[pl1], 16] ]:
p2 = pl;
Pl = pi;
While[ k < max,
PO = pl;
Pl = p2;
p? = pl - flpl] (pl - po} .
f[pl] - £[p0]
kE=k+1;
Print["p"x., " = ", PaddedForm[p2, {16, 16}], " . f[","p"x, "1 = ", HumberForm[E[p2].
Print[""]:
Print["f[x] = ", £[x] 1:
Print[" p =", HumberForm[p2, 16] 1:
Print[" Ap = z", Ah=[p? -pl] ]1:

Print[" £[p]

", HumbherForm[f[p2], 16] 1: ]

Muller's Method:

Background

Muller's method is a generalization of the secant method, in the sense that it does not require
thederivative of the function. It is an iterative method that requires three starting points

(o, £ (po)) | (P £ (1)) and (Pw £ (P:)) A parabola is constructed that passes through the three
points; then the quadratic formula is used to find a root of the quadratic for the
nextapproximation.It has been proved that near a simple root Muller's method converges faster
than the secant method and almost as fast as Newton's method.The method can be used to find
real or complex zeros of a function and can be programmed to use complexarithmetic.

Mathematica Subroutine (Newton-Raphson Iteration).



HewtonRaphson[x0 , max ]:=
l-[udule[{},
k=10;
pl = H[x0]:
Print["p; = ", PaddedForm[pd, {16, 16}], ", f£[p] = ", MumberForm[£[p0], 16] ]1;
pl = pb;
While[ k < max,
pl = pl;
£[p0]
£'[p0]

pl = pbd -
k=k+1;
Print["p"y, " = ", PaddedForm[pl, {16, 16}], ", £[","p"x,"] = ", HumberForm[£f[p1], 16]]: ]:
Print[" p =", HumberForm[pl, 16] ];

Print[" &p = 1", Bhs[pl-p0]1:

Print["f[p] = ", HumberForm[f[p1], 16] 1; ]

Mathematica Subroutine (Muller's Method).

Example. Use Newton's method and Muller's method to find numerical approximations to the

multiple root P = 1 of the function £[x1] = ®-3xe2,
Show details of the computations for the starting value P+ = 1 .Compare the number of iterations

for the two methods.



Solution.
HewtonRaphson[x0 , max ] : =
Module[{},

k = 0;
pl = H[x0]:
Print["£[x] = ", £[=x]1 1:
Frx]
glx 1 =3x- f'—[x] H
. " L=l 4.
Prlnt.[ g[x] = x — m ]
Print["olx] = ", olx] 1:
Print["glx] = ", Simplify[olx11]1:
Print[" Po = ", PaddedForm[p0, {16, 1631, " ,E[Pal = "
HumberForm[E[p0], 16] 1:
pl = pi:
While[ k = max,
p0 = pl:
f[po]
i O T T
K = k+ 1;
Print[" p"i." = ", PaddedForm[pl, {16, 1631, " .
£[", "p"%. "1 = ", HumberForm[£[p1], 161 1: ]
Print[""]:
Print["£[x] = ", £[x] 1:
Print[" » = ", HumberForm[pl, 1] ]
Print[" Ap = +", Dhs[pl_-pid] 1:

Print["f£[p] ", HumberForm[£[pl1]. 161 1: ]



FegulaFalsilflald . B0 . . J =
e 1 = [{ | .

a = HL[LCan]:
I» = H[L[EOD]:
o = EXL[Lal:r
iy = E[B] -

a 3k — I Ya
= = ¥ — wa
e = EL[c]1:

K = ;
While [k = m,
TFFLSaignd¥ax] == Sicgml(¥c] .
B =
Tk = T,
a = Of
o = o -

a Xk — I e

[ - =
A — W
e = EI[c=1-:
kK = k+ A: -
Prant " [ = " , HunbieexryrFormm[c, 117 1-
Praint["fI[I—c] = ", Humb+eaerForm[Yoe , 1177 1- ]

Various Scenarios and Animations for Regula Falsi Method.

RegulaFalsi[a0 b0 ., m ] :=

Module[{},
a = H[ald]:
b = H[bO]:
af[b] - b f[a]
T T fbl-fral
k = 0;

output = {{k, a, c, b, f[c]}}:
While[k = m,

If[ Sign[f[b]] -- Sign[f[c]].

h=c, a=n1c:]:
af[b] -bi[a]

f[h] - £[al

k=k+1;

output = ppend[output, {k, a, c, b, £[c]}]: ]:
Print [HumberForm[TabhleForm[output ,

TableHeadings — {Hone, {"k', "ay", "cx", "By", "£[cx]1"}}1, 161 1:

Print[" c =", HumberForm[c, 16] ]:
Print["£f[c] = ", HumberForm[E£[c], 16] ]: ]




Halley's Method:

Background

Definition (Order of a Root)Assume thatf(x)and its derivatives £' (%1, ««., £ (x) are defined

and continuous on an interval about * = P We say that £ (*) = Thas a root of ordermat * = Pif and
only if

E(p) =0, £ (p) =0, ' (p) =0, ..o, £ (p) =0, £°™ (p) 20

A root of order & = 1is often called a simple root, and if & = lit is called a multiple root.A root of

order & = 2 is sometimes called adouble root, and so on.The next result will illuminate
theseconcepts.

Definition (Order of Convergence)Assume that '~ converges top,and set En = P - bn for n=10
If two positive constants & # U and F= 0 exjst, and

then the sequence is said to converge topwith order of convergenceR.The numberAis called
the asymptotic error constant.The cases ¥ = 1. 2 3 are given specialconsideration.

@)IfR =1, the convergence of {Ex}. is called linear.
(ii)If R = 2, the convergence of {Fx}x= is called quadratic.

(ii)IfF = 3, the convergence of {Px}x= is called cubic.
Theorem ( Newton-Raphson Iteration ).

Assume that ££€*[a, B] and there exists a number P € 2, bl ,where £ (p) =0 JfL"' (p) 0

then there exists a ¢ = U such that the sequence iPx}x- defined by the iteration

£ (Px)
£ (pk:] fork=D,l, P

will converge to P for any initial approximation Pv & [P = &, D +&]

Pril = O (Pe) = Dy -

Furthermore, if ¥ is a simple root, then {Fr+1} will have order ofconvergence F = 2 jj.e.

- E
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Theorem (Convergence Rate for Newton-Raphson Iteration)

Assume that Newton-Raphson iteration produces a sequence Px}x-n that converges to the
rootpof the function £ =1

£ (p) | g
. , _ ‘Ek+1|#—l (1 Ex |
Ifpis a simple root, then convergence is quadratic and 2| £ (p) |
forksufficiently large.
m-1
. . — | Exu1 | = | Ex
Ifpis a multiple root of orderm,then convergence is linear and

forksufficiently large.

Halley's Method

The Newton-Raphson iteration function is

) - ox -
g(x) = % -
() £ 6

It is possible to speed up convergence significantly when the root is simple.A popular method is
attributed to Edmond Halley (1656-1742) and uses the iteration function:

£ (%) Ey E'' ) L
0 - x- FE - |
(2) £ (x) 2 (£' (x)) ,

The term in brackets shows where Newton-Raphson iteration function is changed.

Theorem ( Halley's Iteration ).Assume that L€ C*[a, b] and there exists a number P € [&, b] |
where £ () =0 Jff' (p) # 0 then there exists a ¢ * U such that the sequence iPx}i-n defined by
the iteration

. . Elryl 1 Elpe] £ [me] |L
kel = Pk - -
* E'[px] 2 (£ [me])? fork=0, L ...

will converge to P for any initial approximation Pe € [P - &, D +8]

Furthermore, if ¥ is a simple root, then {Pr+1} will have order ofconvergence F = 3 i.e.

- E
TR T b B
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Square Roots

The function £ ) = X - & where 2> O can be used with (1) and (2) to produce iteration formulas
p

for finding va Ifitis used in (1), the result is the familiar Newton-Raphson formula for finding
square roots:

i

g x)] = ®-

3) 2x
When it is used in (2) the resulting Halley formula is:

i

go0 = x- |22 [1-—(]':2_%2]‘l
2 Z(zxt
(4)or
g 00 - ®P+3ax
Ixi+a

This latter formula is a third-order method for computing Y& Because of the

rapid convergence of the sequences generated by (3) and (4), the iteration usually converges to
machine accuracy in a few iterations.Multiple precision arithmetic is needed to demonstrate the
distinction between second and third orderconvergence.The software Mathematica has extended
precisionarithmetic which is useful for exploring these ideas.

Example.Consider the function £ 1 = ' -2 which has arootatx= V2 .
(a).Use the Newton-Raphson formula to find the root.Use the starting value Po = 2
(b).Use Halley's formula to find the root.Use the starting value Po = 2

Solution.

Solution (a).
Solution (b).



Horner's Method:
Evaluation of a Polynomial
Let the polynomial P (%) of degree n have coefficients t2i}i-o . Then P (%) has the familiar form

-1 h 2 i
F (] = 8,%" + 85 13 4 ene +8; X0 4+ 2ae + 8z X + 8z X 4+ 8L H + Ay

Horner's method (or synthetic division) is a technique for evaluating polynomials.It can be
thought of as nestedmultiplication.For example, the fifth-degree polynomial

P (%) = ag x4 a4x4+ = . az:-c2 +a81 X + 3

can be written in the "nested multiplication" form

P (®) = ([((8sX+a4) X+as) X +8:) X +81) X +3a

Theorem (Horner's Method for Polynomial Evaluation)Assume that

(1)P[}:j = a, ¥ ran = L Ay =T 4 Ll s asdt rayHt 4 A ¥ o+ oA

and ¥ = Zis a number for which ¥ (2} is to be evaluated.Then F (2] can be computed recursively
as follows.

(2)Setbn = &n,
and
by = ay + Z]‘:Ik_hlfork=n—l,n—2, a2y l,l:l_

Then F (21 = by,

Moreover, the coefficients {Fi}i-s can be used to construct @ (%1 and Fa

(3) Qo () = b+ by x™ 4.+ bex® + byx o+ by

and
(4)F () = (x-2) Oy (%) + Ry |

where I (%) is the quotient polynomial of degreen-1land Fs =be = F (2] is the remainder.

Example.Use synthetic division (Horner's method) to find ¥ (3} for the polynomial

Px)=x -6x*+8x +8x +4x-40



Solution.

Heuristics

In the days when "hand computations" were necessary, the Horner tableau (or table) was
used.The coefficients {2x}x-0 of the polynomial are entered on the first row in descending order,
the second row is reserved for the intermediate computation step( +2 Px+1 )and the bottom row

. . n-1
contains the coefficients In and *Px = &k + Z Swqd byeon |

Input G, Gn-1 Gnz o By - 8y 81 &y
X =g 1 + 2 h,, +Eb,1 - +Ebpga ... +Ehy +Eh; +Eh;p
A A A A A | by =P (2]
b, b br: by - b; by [

Lemma (Horner's Method for Derivatives)Assume that
P o) = a2 + 8, 1 =0 4 . a4 ..+ Asd +Es ¥E oA d o+ ag

and * =2 is a number for which F (2] and F' (21 are to be evaluated. We have already seen
that F (2) = by can be computed recursively as follows.

by,

% ,and
by = ay + Z]‘:Ik_hlfork=n—l,n—2, ...,Z,l,III,

ni-1

The quotient polynomial Us (xJ = by x™ + Bad™ s Bext o+ by o+ by

andremainder Fo =bs =F (2] form the relation
Pix) = (x-2) 0y (3] + By |

We can compute F' (2) = 21 can be computed recursively asfollows.

(1) @~ = bBa and

Cp = by + 20 fork=n-Ln-2, ..., 2,1

_z £
I b+ CgH 4 Oy H o+ O

n-i

The quotient polynomial 1 (%) = Cn X
and remainder F1 = =1 = F' (2] form the relation

(11) Qg (%) (®) = (¥ -2) 01 (%) + By,

The Horner tableau (or table) was used for computing the coefficients is given below.



Input fr, 1 8pg oo e ay =1 ay

¥ = 4 +2zh, +Zhny - +Ebpg o +Zh, +Z by +Z by
A A A A A A | by =F (2)
by, bra b by, by by |
by, b1 b - by b by
4 + ECp +E0nl v +ECR o +Z Oy +Z Cp
A A A A A | c1=P'(E)
Cn Cn_1 Cr_ Cp g |

Using vector coefficients

: .. : : il .
As mentioned above, it is efficient to store the coefficients 2P 'xx1 of a polynomial P (x1 of
degree n in the vector 2= {2@1- 21+ - --- 20 211} Notice that this is a shift of the index

for 2m1 and the polynomial ¥ (%) is written in the form

n
Pix) = Za[ﬂwl]] Kk
k=0

. . . . ral
Given the value ¥ = Z the recursive formulas for computing the coefficients {Pm1 e

™1
and 1CmItk-: of U () and U (%1 | have the new form

Bnap = 2mea
hl].]':]] = Aqg + tht_,_\]_]] forkE=nmn-1, ..., 3,21

Clrll = Dy
°pl = Ppa + ZCpeap fork=mon-Lloaa., 32

Piz) = }:'[[l]]
Then *' (2]

i



Newton-Horner method

Assume that ¥ (%) is a polynomial of degree ™= 2 and there exists a number L€ [&b]
where B (£) =0 Ifp' (£) # 0 then there exists a ¢ * U such that the sequence iIx}e-n defined by
the Newton-Raphson iteration formula

£ ey
£' (rx) fork=01, ...

]C]:_h]_ = Ly -
will converge torfor any initial approximation s € [£ - %, £ +&] The recursive formulas in the
Lemma can be adapted to compute F Tk} = Proo = by and F' (Zx) = Sx.1 = Sp1 and the resulting
Newton-Horner iteration formula looks like

by
Cn fork: 0,01, ...

]Ck+_'|_ = Ly -

Algorithm (Newton-Horner Iteration).To find a root of £ () = Dgiven an initial approximation

Iy using the iteration

bpg

Crep fork = 0,1, -, max

Mathematica Subroutine (Newton-Horner Iteration).

HewtonHorner[x0 , max ] :=
l-[ndule[{j =0, k, n=Length[a] -1, r0 = H[x0]},
c=h=Tahle[0d, {i, n+1}];
Print["r, = ", PaddedForm[r0, {16, 16}], ", ©P[r,] =", HurberForm[P[r0], 16] ]:
rl = r0;
While[ j < max,
rd = rl;
brnag = gyt
For[k=n, 1=k, k--, bpy=apg + t0bp.apt 1t
Cnay = Proeagt
For[k=n, 2=k, k-, cpy=bpq + tlCp.ay: 1:
rl = r0 - m:
|
i=13+1;
Print['r",, " = ", PaddedForm[rl, {16, 16}], ", ©P[","r";,"] = ", HumberForm[P[r1], 16]1: ]:
Print[" r =", HumberForm[rl, 16]];:
Print[" Ar = 2", Bhe[rl-r0] ]:
Print["P[r] = ", HumberForm[P[r1], 16] ]; ]



Mathematica Subroutine (Newton-Raphson Iteration).

HewtonRaphson[x0 , max ] :=
l-[ndule[{k: 0, r0 = H[x0]},

Print["r; = ", PaddedForm[r0, {16, 16}], ", ©P[r;] = ", HumberForm[P[r0], 16] ]:
rl = r0;

Vhile[ k < max,

rh = ri;

rl =rl - Fir0] ;

P'[r0]
k=Fk+1;
Print["r"y, " = ", PaddedForm[rl, {16, 16}], ", £[","r"y,"] = ", HumberForm[P[r1], 16] ]: ]:

Print[" r =", HumherForm[rl, 16] ]:
Print[" &r = %", Abs[rl-r0]]:
Print["P[r] = ", HumherForm[PF[r1], 16] ]; ]

. rl
Lemma (Horner's Method for Higher Derivatives)Assume that the coefficients {2IL*1'x1 0f a

polynomial FIx] of degree n are stored in the first row of the matrix [%i-3lnz:na Then the

polynomial ¥ (%) can written in the form

T
k
P[X] = Za[[lfk_hl]]x
k=

. . . .. (il no.
Given the value ¥ = Z,the subroutine for computing all the derivatives {F"" [2] }i. is
For[i=2, izn+2;, 1++,
Afimel] = ALi-laowl]?
For[k=n, i-1=zk, k--,
AMik] = S[Qi-l.k] * Z a0 k4ap s 1 ]

and

PzZ] = il apieaag fori=0 1 ....n



Polynomial Deflation
Given the polynomial ¥ () = ® -6 e Bx’ 4Bt + dx- 40y example 5,the iteration

ry = 3.0000000000000000

Plr

¥ = Iy - A = 2.3200000000000000
P'lrg]
Plr

E; = Ip - A = 1.9560094736807230
P'lr]
Plr

¥y = Iy - A = 1.9992543389453250
P'lr:]
Plr

Iy = by — A = 1.9999997777286130
P'lr:]
Plr

g = Iy - A = 1.9999999999393500
P'lrq]
Plr

Ef = kg — i = Z.0000000000000000
P'lrs]

will converge to the root t = 2of ¥ (%]
.The Mathematicacommand NewtonHorner[3.0,6] produces the above sequence, then the

n-1
: : : : UCRERINCES
quotient polynomial ? (*) is constructed with the command k=i .

a={-40,4, &, &, -6, 1}:
n=Length[a] - 1;

P[x 1= D,ap.agx;
k=0

Print["P[x] = ", P[x] 1:
HewtonHornexr [3.0, 6];

n-1
0[x 1-= Zhﬂ:k+2]] X"
k=

Print["0[x] = ", Q[x] 1;

Plx] = —4A0 + Ax + 8= + 8x° _6xtex’®
¥y = S.0000000000000000, Plry] = 17.
r1 = =2.3200000000000000, Flri] = 5.62609545320001
r: = 1.9560094736807230, Plr:] = -0.8952770425894959
F: = 1.9992543359453250, Flr:] = -0.0142176691755244
Fa = 1.9999997777256130, Flri] = —-4.44542815356824159 107"
re = 1.9999999999999500, Plrs] = -3.94351218534658556:« 10
Fg = =.0000000000000000, Flrg]l = 0.
r = =2.
Ar = *1.9752: 1071
F[r] = O.

Q=] 0. + 8. ¥+ 5.9968 10 ¥ A ¥, xt



The root stored in the computer is located in the variablerl.

Print["rl = ", r1]: rl = Z.

The coefficients ofQ[x]printed above have been rounded off. Actually there is a little bit of round
off error in the coefficients forming 2 (%) ,we will have to dig them out to look at them.

HumberForm[ CoefficientLizt [0[x], x], 11]
{20., §.00000000000008, 3.9955802655650564« 101%, _4. ooooooooooo0os, 13
O[x] == x* —4.00000000000002 %" + 3.996802888650564 - 10~ »* . §.00000000000008 ¥ + 20.0 True

Now we have a computer approximation for the factorization F[*] = (x-2) Q[x]

P[x] == (x-2) (x' -4.00000000000002 %" +3.996802888650564 « 10°* x” + 8. 00000000000008 x + 20.0);
Print [Expandfl1[ P[x] == {x-230[x] 1]

—A0 + Ax + 8= + 8= et ewT oo _an. s A waes. v as. wF o5l Ly wt

We should carry out one more step in the iteration using the commandNewtonHorner[3.0,7]and
get a more accuratecalculation for the coefficients of (%) 'When this is done the result will be:

=] = x* —4.0x+0 0% + 8.0+ 20,0

Plx] = (-2 xt —d.0x +0 0t + 8.0+ 20.0)

If the other roots of ¥ (% are to be found, then they must be the roots of the quotient polynomial
U x) The polynomial ? %] is referred to as the deflated polynomial, because its degree is one
less than the degree of ¥ () For this example it is possible to factor ¥ (x1 as the product of two

quadratic polynomials 2 (x) = (¢ - 62+ 10) (x" +2x+2) Therefore, P () has the factorization

P(x) = (x-2) (x - 6x+10) (' +2x+2)

and the five roots of F =) are

=2, ¥x=-1*1, H:Si]l'

This can be determined by using Mathematica and the commandFactor.

Factur[x5—6x4+ﬂx3+ﬂx2+4x—4l]] [-2+%) (L0 -BX+x°) (Z+ 2% +x5)

This still leaves some unanswered questions that we will answer in other modules.The quadratic
factors can be determined using the Lin-Bairstow method.Or if one prefers complex arithmetic,
then Newton's method can be used.For example, starting with the imaginary number



gy =

root

-2.0+1.01 Newton's method will create a complex sequence converging to the complex
E=-1+1ofF (x)

HewtonHorner[-2.0 +1.03, 7]:

Iy =
I =
Iy =
I, =
Iy =
Iy =
Iy =
In =

r
Ay
P[]

~2.0000000000000000 + 1.00000000000000001,  P[r,] = 40. +245. 1
_1.4902651627611200 + 0.85117451525543901, P[rp] = 3.343802536319485 + 76.54233652265601 1
-1.1160519317795970 + (0.84076666126444301, P[ry] = -7.561156842520449 + 20.60446964481001 1
~0.9698985200513260 + 0.97196568064979401,  P[r,] = -4.458336420040017 - 0. 1560155345289356 1
_1.0013370794544870 + 1.00123359680250002,  P[ry) = 0.2060351592934801 + 0. 00529626577352392 1
-1.0000025032418530 + 1.00000226367099401,  P[rs] = 0.0003529543586180151 + 0. 0000L756574534095279 1
-1.0000000000087910 + 1.00000000000783902,  P[r;] = l.330442422897704: 10 + (7.618794484187674 1070 1
-1.0000000000000000 + 1.0000000000000000%, Plr] = 0. +0. 1

=-L+ld

= 1117788 107

= 0o+0. 1

However, starting with purely imaginary number » = 1.0 1 wil] create a divergent sequence.

HevtonHorner[1.0:, 10];

Ly

Iy =
L; =
Iy =
Iy =
Ls =
Iy =
Iy =
Iy =

Iy =

Ly =

r
A
P[]

0.0000000000000000 + 1.00000000000000008, Pl = -84, -3.1

.3780821917808219 - 0.20821917808219184, Plrp] = -40.65317886887399 - 0, 412338287785013741
L1607575536125880 - 15.885419916082983004,  Plr;] = 308063.33086875807 - (l.DDl?SlSdGlSSS?xlDEJ i
L9717364373463110 - 12.67301721531543004,  Flry] = 10100Z.2372526074 - 328528, 1754869839 1
L8217743397572500 - 10.10213403669570004,  Plry] = 33118.95201473677 - 108054, 4759072764 1
LT0372435275659750 - §.02051025630087004,  Flrs] = 10858.46466311313 - 35572, 09331145857 1
.6123410300834480 - 6.33671144710657504,  Flrg] = 3538.518713431996 - 11747.70164317031 1
L54433531840760870 - 4,998565958360302504,  Plrp] = 1163.2095829649385 - 3901, 676893738389 1
.498591254019558420 - 3.684300746012114404,  Flrs] = 377.1911839335179 - 1509. 178922564011 1
LATR4329632793190 - 2,95311570339874004,  Plr,] = 119.2871452998115 - 447, 3830976140948 1
1.4875401054337750 - 2.1504161125202740 1,  P[ry] = 34.50806805605333 - 157, 4405784778136 1
1.437540105433775 - 2. 130416112520274 1

= *0.802904

= 34.30806505605333- 157, 4405784778136 1

1
=
I I ] n n
n n

— ~ ~ = K~ ~ — 3

For cases involving complex numbers the reader should look at the Lin-Bairstow and the
Fundamental Theorem of Algebra modules.

Getting Real Roots

The

following example illustrates polynomial deflation and shows that the order in which the

roots are located could be important.In light of example 6 we know that better calculations are

made for evaluating ¥ (¥} whenxis small. The Newton-Horner subroutine is modified to

terminate early if ¥ (%) evaluates close to zero (when a root is located).



Mathematica Subroutine (Newton-Horner Iteration).

HewtonHorner[x0 . max , €0_] =
l-![udule[{E =€, 3 =0, K, n =Length[a] -1, 0 = H[x0O]}.
Cc=h=Table[0, fi, m+ 13%]:
bpp = 1r
rl = xi;
VWhile| And[j = max, fb=s[bng] - €],
rl = x1;
Br.1] = Aro.1] ¢
Forfk=n, 1=k, k——, bppg=apxy + *Y0Obhp.ipr 1-¢
Crn.1] = Pro.a1q
Forfk=n, 2=k, k——, Cpkxp =bpg + ¥0Op.apgr 1-¢
rl = O — m:
| = |
3 = 3+1: ]:
Beturn[ril]: ]

The Solution of Linear Systems AX = B:
Forward Substitution and Back Substitution:

Background

We will now develop the back-substitution algorithm , which is useful for solving a linear
system of equations that has an upper-triangular coefficient matrix.

Definition ( Upper-Triangular Matrix ). An Bx% matrix ®= [2i.3] is called upper-

triangular provided that the elements satisfy 2i.3 =0 whenever =7,

If A is an upper-triangular matrix, then #X=F ig said to be an upper-triangular system of
linear equations.

1,11 + Ay, e + Ay, e + -0 + 831 1 Haol + 21 Hn = b3
Ap g Mg + Az .z Mz + --- + Fg .on1 Xl + 8 o X = b
S,z X2 + -+ + Az 1 X1 + 8z . M = b

1 -1 1 + 81 o N = b, 1

0y SnonXn = b



Theorem ( Back Substitution ). Suppose that #% =B is an upper-triangular system with the
form given above in (1). If 2i.i#0 for 1=1 2 ....n then there exists a unique solution.

The back substitution algorithm. To solve the upper-triangular system #x =B by the method of
back-substitution. Proceed with the method only if all the diagonal elements are nonzero.
First compute

by

1 =
311

and then use the rule

]
h:i. - zj=i+\lairj Kj

8.4 for i=n-1ln-2, ...,1

Xi=

Or, use the "generalized rule"

]
h:i. - zj=i+\lairj Kj

8i.i for i=nn-1, ..., 1

> Em1i%y
where the "understood convention" is that =t is an "empty summation" because the

lower index of summation is greater than the upper index of summation.

Xi=

Remark. The loop control structure will permit us to use one formula.

Mathematica Subroutine (Back Substitution).

FackSubh»[ ol . B0 . o J - =
Hﬂﬂule[{a=al]_.. B — =, &A ., J, 3£ ¥,
o = Takxi1e=[fTo, fxyd]-
For|[ 4 —=m., 1 =3, 4 _——.
Bropsq — FR_Ls.aags_ 5 FEpaT
Hogsqm = r ]:

] 1 e I By ||

Peturn[x]: |-

Pedagogical version for "printing all the details."



BackSubDetails[al b0 . n_ ] :=
I-Iudule[{a:al], h=bD, i, J,x, X},
¥ = Table["x";, {i, 1, n}]:
X = Table["x";, fi, 1, n}]:
For[i=m, 1=i, i--,
Print [Flatten[Chop[app]-X] ==b 171:
If[i <= mn, Print[Flatten[Chop[ap]]-Flatten[x] ==b; 151+

I
Print[ap ip ¥y == [hu::i.]] - E: a[[irj]]xllfl]]] 1:1¢
J=4d.+1 =31
briyg - Z5ii.a80,30 ¥m1
xray = -
Al Liq)
Print["x";, " = ", X1y "wn"1]:

Return[x]: ]:
Lower-triangular systems.

We will now develop the lower-substitution algorithm, which is useful for solving a linear
system of equations that has a lower-triangular coefficient matrix.

Definition ( Lower-Triangular Matrix ). An =2 matrix &= [2i.1] is called lower-
triangular provided that the elements satisfy 2i.3 =0 whenever =1,

If A is an lower-triangular matrix, then #X =¥ is said to be a lower-triangular system of

linear equations.

a3 .1 1 = bjy
A1 ¥y + A Xz = b
Ag,1 X1 + Ag,z XMz + Az, Xz = b
A1, 11+ 81, g+ 31 .22 +--- + 81 on-1 Xnol = b1
(2) a-:|'\|.-_'|_::'c_'|_'|' E-cl'\:.-i x + E.,-,__g e + -+ a-:|'\|.-:|-|—._'|_ ro1 + E-':|'\|.-:|'\|::'=::|-| = h:n

Theorem (Forward Substitution). Suppose that #% =B jg an lower-triangular system with the
form given above in (2). If 2i.i #0 for 1=1 2 ....n then there exists a unique solution.

The forward substitution algorithm. To solve the lower-triangular system #% =B by the method
offorward-substitution. Proceed with the method only if all the diagonal elements are nonzero.

First compute



by

] = ——

a1.1

and then use the rule

b; —Egiﬂi,j X3
X —
' for i=2 3 ..

=

L
Remark. The loop control structure will permit us to use one formula

i-1
]'Ji - zil:lairj Hj

i =
: 8.4 for i=l,2, ...,n‘

Mathematical Subroutine (Forward Substitution).

Foreswul»[ =k . =0 . .
I-Iuﬂu_"l_e[{a=-aﬂ_.. 3 = B3k A, 7 O =D -
fxid31:

o = Taklx»x 1= _

For[ i1 = 1, 4 = m.
i

Bpram — ZESR 5 ga.am Frsd 1-

- =1 =
s s Ay | |

A+ +

HFeturnlfxlr: |-
The Newton Interpolation Polynomial.
The following result is an alternate representation for a polynomial which is useful in the area

of interpolation.
Definition ( Newton Polynomial ). The following expression is called a Newton polynomial of

degree n.
Cp + Cp (L —-231) + Cp (B 1) [E-X;)] + COg [L-X31]) [T —-X;] [T -Xz)

Prt) =
b

+ Cry1 (L —-31) [ -] [T - Xz) . [ —xg)

or

ol i-1
P(£) = Z[ciﬂct—xjn]
- j=l

i=1l

If n+1 points { (% ¥)}ES are given, then the followingequations can be used to solve for

the n+1 coefficients {c:i}i,



Pxx) = ¥

or
ml

i-1
Z [Ci l_[ [y -%4)
3=l

izl

= ¥x
for k=1, 2,...,n+1.

This system of equations is lower-triangular.
C1 =T7¥1

Cp+ 0 (¥ -H1) = ¥

=3 + T (Mo — X311 + Oz [FHe — 31 [z — Xz = Tz
C1+ Cp [Hg—H1)] +Cs [Me—H1) [Hg—Hz) + Cg [(Ma —H1) [(Hg—-Hz) [HXa—XHz] = ¥a
Ci1 + Cy (Km—HlJ+Cg (Hm—}{lj (Hm—}{gj+...+ﬂn+l (Hm—}{lj (x,.*l—xgj (Hm—}{gj = &an-.l

Gauss-Jordan Elimination:

In this module we develop a algorithm for solving a general linear system of equations #X =B
consisting of nequations and n unknowns where it is assumed that the system has a unique
solution. The method is attributedJohann Carl Friedrich Gauss (1777-1855) and Wilhelm
Jordan(1842 to 1899). The following theorem states the sufficient conditions for

the existence and uniqueness of solutions of a linear system #X=E,

Theorem ( Unique Solutions ) Assume that ® is an “»2matrix. The following statements are
equivalent.

(i) Given any ©x! matrix B, the linear system #X=Bhas a unique solution.
(ii) The matrix ® is nonsingular (i.e., At exists).
(iii) The system of equations #X =0 has the unique solution X=10,

(iv) The determinant of ® is nonzero, i.e. 4et (&) # 0

It is convenient to store all the coefficients of the linear system #% =B in one array

of dimension #xn+1 The coefficients of B are stored in column &+ 1 of the array



(i.e. @1 =bi). Row E contains all the coefficients necessary to represent the i equation in

the linear system. The augmented matrix is denoted ¥ = [& | B] and the linear system is
represented as follows:

81,1 H1,: &1,z ... F1n b1
8z,1 A,z Bz, «e. Arn Di
83,1 A,z Bz, ... Azgn D
M= ‘&1 8n: 8n «++ Hnn Bn

The system #X=E with augmented matrix ¥, can be solved by performing row operations

on M. The variables are placeholders for the coefficients and cam be omitted until the end of
the computation.

Theorem ( Elementary Row Operations ). The following operations applied to the augmented

matrix ¥ yield an equivalent linear system.
(i) Interchanges: The order of two rows can be interchanged.
(ii) Scaling: Multiplying a row by a nonzero constant.

(iii) Replacement: Row r can be replaced by the sum of that tow and a nonzero multiple of
any other row;

that is: L9oWr = Low; - C Eow,

It is common practice to implement (iii) by replacing a row with the difference of that row and
a multiple of another row.

Definition ( Pivot Element ). The number 2.z in the coefficient matrix ® that is used to

eliminate 2i.r where 1=rP+1,p+2, ..., jgcalled the ™ pivot element, and the 2™ row is
called the pivot row.

Theorem ( Gaussian Elimination with Back Substitution). Assume that ® isan nxn
nonsingular matrix. There exists a unique system YX =YX that is equivalent to the given
system #=E where V is an upper-triangular matrix with 4.1 #0 for i=1, 2, ..., n

. After Vand¥ are constructed, back substitution can be used to solve UWX=¥ for X,

Algorithm 1. (Limited Gauss-JordanElimination). Construct the solution to the linear
system #X = B by yusing Gauss-Jordan elimination under the assumption that row interchanges
are not needed. The following subroutine uses row operations to eliminate *r in

column p for p=1,2, ..., 1,



Mathematical Subroutine (Limited Gauss-JordanElimination).

Gaussdordan[f0 . n ] :=
Module[ {A=R0, i, p},
Print [ MatrixForm[A] ];
For[p=1, p=n, p++,
Arpy
e, rD

For[i=1, i=n, 1++,

Ay =

If[i=p,

Rpip = Rpag - Bpipp Rpep 10 10
Print [MatrixForm[Al11: ]: ]

Provide for row interchanges in the Gauss-Jordan subroutine.

Add the following loop that will interchange rows and perform partial pivoting.

For[k=p+1, k=n, k++,
If[ b= [Ap:,py] = dbs (A p7],
Ao,k = Apk,ens 10 1

To make these changes, copy your subroutine GaussJordan and place a copy below. Then you
can copy the above lines by selecting them and then use the "Edit" and "Copy" menus. The
improved Gauss-Jordan subroutine should look like this (blue is for placement information
only). Or just use the active Mathematica code given below.

Algorithm II. (Complete Gauss-JordanElimination). Construct the solution to the linear

system #X = B by yusing Gauss-Jordan elimination. Provision is made for row interchanges if
they are needed.



Mathematical Subroutine (Complete Gauss-JordanElimination).

GaussJordan[f0 . n ] :=
Module[ {R-70, i, k, B},
Print[ MatrixForm[A] ];
Fnr[p =1, p=mn, P++,
For[k=p+1, kzn, K++,
If[ Wbs[Ap. o] - Ws[Ag .71,
Rpp.kim = Rpepii 17 15
Arey
Ap,p1
For[i=1, i=n, 1++,

Ay =

If[i=p,

Apiy = Rpsy - Appey Apey 17 16
Print [MatrixForm[A]1: ]:
Return[A]; ]

Use the subroutine "GaussJordan' to find the inverseof a matrix.

Theorem ( Inverse Matrix ) Assume that ® is an =% nonsingular matrix. Form the augmented
matrix ¥= [R]Inn]l of dimension n=2n, Use Gauss-Jordanelimination to reduce the matrix
so that the identity Ir= is in the first # columns. Then the inverse 2™ is located in

Columns n,n+l, ..., Zn,

Algorithm IIIL. (Concise Gauss-JordanElimination).nbsp; Construct the solution to the linear
system #X = B by using Gauss-Jordan elimination. The print statements are for pedagogical
purposes and are not needed.



Mathematical Subroutine (Concise Gauss-JordanElimination).

Gaussdordan[f0 . n ] :=
Module[ {A=- A0, i, k, p},
FUI‘[F =1, PN, P++,
For[k=p+1, k=n, k++,
If[ fbs[fp:, ;7] = Abs[Ag 7],
Appkim = Apwpi 16 16
App]
Rgp,p1

For[i=1, 1z=n, 1++,

Ay =

If[i=p;
Ry = Apg - Appp Ay 17 15 )¢
Return[#]; |

Remark. The Gauss-Jordan elimination method is the "heuristic" scheme found in most linear
algebratextbooks. The line of code

Ay

Ao

L =

divides each entry in the pivot row by its leading coefficient *rz.s1 . Is this step necessary? A
more computationally efficient algorithm will be studied which uses upper-triangularization
followed by back substitution. The partial pivoting strategy will also be employed, which
reduces propagated error and instability.

Application to Polynomial Interpolation

Consider a polynomial of degree n=5 that passes through the six
points i ¥i) for i=123 4356,

H 2 4 5
Pl =01 + CpX + 03X + Cg¥ 4 Cg ¥ + CpX

For each point (*ir ¥i) isused to an equation PI[*il =¥i  which in turn are used to write a

. . . . b
system of six equations in six unknowns %itia

i 3 L3 5 —
C1 +Cpxy +0Cpxy; +0CaXy; +C5x; +CpX; — ¥1

i 3 4 [ —
C1 +Cpxy +Cpxy +CaXy; +CsgXy +CpXy — ¥

H 3 S [ —
C1 +Cp¥y +Cp¥y +CaXy +C5Xy +CpXy — ¥



i 2 L
C1 +0Cpxg +0Cpxy +CgXy +Cgiy
i 3 L3
C1 +0Cpxs +0Cpxeg +CgXg + CgXg

H 3 S
C1 +Cp¥g +Cp¥y +CaXg + CgXg

]
+ Cf :’C.i
]
+ Cf :’Cs

5
+ Cg Xg

= T

= ¥s

= ¥

The above system can be written in matrix form MC =B

:’C_‘L :’:l Kl xl xl I:l

Ci
FR
Hp My Xy ¥y XMy Cy

Hr M; ¥p i

Mg M3 ¥ Mi Mil |4

C
Mg :-:E x§ xg‘ xg g
Cg

R~
9
N
L2
n

®p xb owi oxioxg

¥1
¥
¥
¥y
¥
¥

Solve this linear system for the coefficients {ei}ia  and then construct the interpolating

polynomial

i 2 4 5
PIX] =01 + CpX + CoX + Cg¥ + Co X + CgX

The Matrix Inverse:

Background

Theorem ( Inverse Matrix ) Assume that ® is an xmnonsingular matrix. Form the augmented

matrix ¥=[R|Inxn] of dimension B=2n_ Use Gauss-Jordanelimination to reduce the matrix ¥

so that the identity Inm is in the first # columns. Then the inverse A~ is located in

columns n-n+1,

81,1 d1,: 1,2 --. Hin
8.1 8z, 8g.r ... Hin
M= (a1 &;: 82,2 .. 8z,n
8n,1 3n,: 9n,2 -+« Ann

-+-+ 20 The augmented matrix ¥ = [R1Inx]1 Jooks like:

[

We can use the previously developed Gauss-Jordan subroutine to find the inverse of a matrix.



Algorithm (Complete Gauss-JordanElimination). Construct the solution to the linear

system #X = B by using Gauss-Jordan elimination. Provision is made for row interchanges if
they are needed.

Mathematica Subroutine (Complete Gauss-JordanElimination).

GausgJordan[al . mn ]:=
Module[ {R=R0, i, k, p},
Print [ MatrixForm[f] ]:
Fur[p =1, p=n, P++,
For[k=p+1, k=n, k++,
If[ Abs[Ap. 7] = W=[An g1,
Arip ki = Apkpami 17 16

Appq

Agpp1

For[i=1, izmn, 1++,

Ay =

If[i+p,

Apiy = Rpiy - Rpapy Apeg 17 10
Print [MatrixForm[A]]: ]:
Return[A]: |

Definition ( Hilbert Matrix ). The elements of the Hilbert matrix H» of order n

1
big = ——— . .
are l+:|—l for 1=l,2,...,n and :|=l,2,...,n_
1 1 a1 1
i n-1 n
1 1 1 1
) n Tl
H, - : :
1 1 1 1
"l n fn?  En-i
1 1 1 1
Tl En-i  in-l

The Inverse Hilbert Matrix
The formula for the elements of the inverse Hilbert matrix H~ of order n is known to be

E—l)i"'j Mm+i-11! (n+3j-11!

(HYi,5 = —— . : . ,
i+3-1 (i-Ltd-LNim-41! n-31!

which can be expressed using binomial coefficients

(Hig = -1 (d+3-1) (mi_lJ (mj_l) (i+j_2r

n-1 n-i i-1



When exact computations are needed these formulas should be used instead of using a subroutine
or built in procedure for computing the inverse of Hn.

Application to Continuous Least Squares Approximation

The continuous least squares approximation to a function £ (%) on the interval [0,1] for the set
of functions i (*x)}ia can solved by using the normal equations

Dlesdw, wyd o= {E, wl
(1) i=L for lsizn,

1
(£, ) = J £ (%) g (x) dx
1]

Where the inner product is . Solve the linear system (1) for the

coefficients {i}ia and construct the approximation function
Flx] = > eiw (%)
i-l .

Definition ( Gram Matrix ). The Gram matrix G is a matrix of inner products where the
elements are Si.3 = Wi, 3}

n-

The case when the set of functions is W ) }7a = {Lx % . x50 will produce the
Hilbert matrix. Since we require the computation to be as exact as possible and an exact formula
is known for the inverse of the Hilbert matrix, this is an example where an inverse matrix comes in
handy.

Cholesky, Doolittle and Crout Factorization

Background

Definition ( LU-Factorization ). The nonsingular matrix A has an LU-factorization if it can be
expressed as the product of a lower-triangular matrix L and an upper triangular matrix U:

R=LU,

When this is possible we say that A has an LU-decomposition. It turns out that this factorization
(when it exists) is not unique. If L has 1's on it's diagonal, then it is called a Doolittle
factorization. If U has 1's on its diagonal, then it is called a Crout factorization. When W= L’



(or L=1") jtiscalleda Cholesky decomposition.

Theorem (A = LU; Factorization with NO Pivoting). Assume thatA has a Doolittle, Crout or
Cholesky factorization. The solution X to the linear system #X = B ig found in three steps:

1. Construct the matrices Lad U if possible.
2. Solve L¥ =B for ¥ using forward substitution.

3. Solve WX =X for X yusing back substitution.

Theorem (A = LU; Doolittle Factorization). Assume that A has aDoolittle
factorization A = LU.

. 1 1] 1] 1] |
1,1 H1,@ 81,2 81,4 ... f1n szl 1 0 o ... 0
Bzl Bz Bz,r Fr,d -+ Bion
8p,1 Hp,a Ap,r Bpa ... B2.q Ly Lo 1 o ..t
A4,1 A4,: B¢, Fg,a ... Bam fsq fag Loy 1 ... 0
81 i At And ee. Apnnd = vdn1 Fne Ina Foa 1
13 3 13 = 13 = 13 = - = = 13 o
i 11l .= 11l .= 11z . a - - - Tl o
i . 11z = 11z a - - - TAhz o
(| (| (| TA1g < - = - 13 o
[} [} [} [} - = = Tl o

The solution X to the linear system #X = B_js found in three steps:
1. Construct the matrices Lad V_jf possible.
2. Solve LY
3. Solve WX

B for Y using forward substitution.

¥ for * using back substitution.
For curiosity, the reader might be interested in other methods ofcomputing L and U.

Theorem (A = LU; Crout Factorization). Assume that A has a Crout factorization A = LU.

s I B b= B b= H. L= " B 1 - - - [= T B
L= B . B =2 = = = L= B = - m = L=
L= N= . A = e = B  a - - = (= = e
a1 Ha = =a = a4 - - - (= I R
L = T g - = g - = L= = 1 - = = (= =
".E_—.____—._ [ | [ | 1 - - = [ | ™
IE_._‘I_ Iz__z [ | 1 - - = [ |
& 4 R & [ - = = [
I-i___‘l_ I-i__i I-i__g I*r* - o l:.
'-'E:I_i_-l 'E:I_i_-i I:—-.—? I:I—\-.,-ﬂ_l: - = = 'E:l_i.,-:l_iJ



a1 i3 = iy = i3 < - = = LI I p—
[ | a1 Tl _ oo TA1x - = = TAE o
| - a1 11z - - - Tz o
[ | [ | i . - = = Tl o
| | (| | - = = a1

The solution X to the linear system #X = B_js found in three steps:
1. Construct the matrices Lad U_jf possible.
2. Solve LY

3. Solve ¥ =¥ for X using back substitution.

B for ¥ using forward substitution.

Mathematical Subroutine (Doolittle).

Poolittlen ] :t =
Module[fi, 3. k, m},

L = Table[O, fmuld, fnuldl-
w = L=
For[k= 1, k=mn, K++,
L.y = 1+
For[l =k, 3 =, 3++.
-1
U, s = B, 31 — 2, L, w3 Urm, a1 ¢
m=
For[i=k+1,3i =m, 1 ++,

x—1
Lk, xm = [nu::i-fk] P N SR | “[Emfk]]jr“[nf,k]]]]
m=1

Mathematical Subroutine (Crout).

Crout[n_ ] :- =
Module[{fi, 3. kK, m},
L = Table[0, fn}, £nld]l:
U = L:
Fnr[k= 1, =M, K++,

k-1
Lipc,x1 = A, k1 — EI.LID*:.-m]] Wi =31+
=1

For[d =k, 3 =m, 3++,

r -1
W, 3y = | Rmpe.s1 — E'.L[D:fmjl Yprm,. 31 ]_,.-"fLu:}:ka]] ;
b m=1
Fur[:i_ =¥+ 1, i =M, AL ++,

r k

—1
Lri,xm = |Prs,wxm — L, mT “[Emfkm]jr“mc,km]]]
h m=1




Mathematical Subroutine (Forward Elimination).

ForeSulx[m J = =
II:-:[ul:lu-[EI.'I.l_"I_nE[{:i__r . .
N = Tak:de=[fh, fxauld31-

Br.g
[ T
For[di-=1, 34 =m, i++,
2 —1
Xrsm = [Bu:i:u — Z;._Lu:i,j:u Iu:—‘-J]]_l,.-"'rLu:ifiJ]]]
3=

Mathematical Subroutine (Back Substitution).

BackSubyfmn ] & =
Module [£i. 3%
N =Taklde[Do, fmn}]-:
ol 1

i T
For[i -—m-31, A =4i, i -——.,
L
Xpsm = ["—'fu:i:u — _El““:ifj:“ xlr_-'-:u] _l,.-"f‘-'u:i,ijl]]
J=4d+

Theorem ( Cholesky Factorization ). If A is real, symmetric and positive definite matrix, then it
has a Cholesky factorization
a=vU'u

where U an upper triangular matrix.

Remark. Observe that L = U" is a lower triangular matrix, so that A= LU. Hence we could also
write Cholesky factorization

=LL"
where L a lower triangular matrix.

Theorem (A = LU; Cholesky Factorization). Assume that A has a

Cholesky factorization # = V'V where L=V,

L= K B L= N - L= N I L= K. Ir- 1 - - - (= T T—
L= B . L= N L= B e o a - - - (= I pp—
L= B B L= B, L= L= B s - - - E= I p—
(=N B I a = g = =g a - = - L= N Rp—

How -1 = - B - = = A 5 - = = = R =



" 113 _ 3 [} [} [} - m = i L'
113 = 11x = o [ - = - (|
Ty Tz == Tz == i - = = i
113 .= 11z .= 11= _a 11 a4 - - = —
o A3 -3 1A= - A= - T - - = = 1—1::—\._,.:.—. -
e E. I i3 = iy = i3 = - = = T3 o
. 11z = 11z = 11z . a - - = 11z
. . 11 = 11z 3 - - - 1Til=
i i i TA1g - = = T3 o
. [ | [ | [ | [ | - = - Tl e

Or if you prefer to write the Cholesky factorization as # = L " where U=L",
LN R R NI P
B b B B
BBy B By
BB by iy

EMETR R YT )
&4 2 - [ | [ ] - - - [
e 2 & = ( () - - - |
& 4 & o = o = [ - - - [ |
3:1,1_ iri,&& -Eet,E 3:1,45 - = = i
= x 1 ;= ;o = &S 4 - - - I
SWETRE PIR TN FICTRY FUN TN )
0 Fie I e oo I
0 0 fay fae oo Ko
1] 1] 0 fy4 F
0 0 0 0 F

The solution X to the linear system #% = B ig found in three steps:
1. Construct the matrices Land W=L" if possible.
2. Solve LY
3. Solve UX

B for ¥ using forward substitution.

¥ for X using back substitution.

The following Cholesky subroutine can be used when the matrix A is real, symmetric and
positive definite.

Observe that the loop starting with For[j=k,j<=n,j++, is notnecessary and that U is computed by
forming the transpose of L.



Mathematical Subroutine (Cholesky factorization).

Cholesky[n ] :=
Hudule[{i, k, m},
L = Table[0, {n}, {n}];
For[k=1, k=n, k++,

k-1
L, = A\fﬁmnk]] -Z (L, ng)* ¢

For[i=k+1,1iz=mn, i++,
k1
L,y = [ﬁttifk] - DLy mefm]]/L[an:u]]F
m=1
U = Transpose [L]]

Application to Polynomial Curve Fitting

Theorem ( Least-Squares Polynomial Curve Fitting ). Given the ™ data

(X1, ¥1), (Xg Fels oo

points -» [¥n ¥n) | the least squares polynomial of degree m of the form

£ -1
Fro (M) = 01 + Cp X+ Cp M+ wun # 0% + Oy X

that fits the n data points is obtained by solving the following linear system

for the m+1 coefficients {Fi- Fzr - .-
""normal equations''.

n bl & T m
n Fia¥i E X Hizl ¥y
i=1 o
n n 3 n 2 n il ZiaTi
AN E ¥ E i E x5 01
E:._‘L 1 io1 2 jo1 ot jo1 i E’.-' . )
Cy i=1 i ¥i
n & n k3 bl 4 bl [T
41 L Hy 1 41 c n H
1=1 i=1 1=1 1=1 a = i it Wi
. . . . . . i=1
) m n L n [T T Em C ’
Zizt¥i Zi:L 1 Zi:]. 1 Zi:]. 1 ElaXxi" ¥

¢ Cus Cmi} . These equationsare referred to as the

Application to Continuous Least Squares Approximation

The continuous least squares approximation to a function £ (%1 on the interval [0,1] for the set

of functions % (%) }ia can solved by using the normal equations

lesdw, wyd = {E, wid

j=L

0y

for

lzdizn,



1
(Egp = L Eix) g (x)dx

Where the inner product is . Solve the linear system (1) for the

coefficients {Ci}ia and construct the approximation function
Flxl = > ciw (x)
i=l .

Definition ( Gram Matrix ). The Gram matrix G is a matrix of inner products where the
elements are Ui.i = Wi Wik

The case when the set of functions is % )} = {Lxx% oo, ¥™5 %™} will produce the
Hilbert matrix. Since we require the computation to be as exact as possibleand an exact formula is
known for the inverse of the Hilbert matrix, this is an example where an inverse matrix comes in
handy.

Jacobi and Gauss-Seidel Iteration

Background

Iterative schemes require time to achieve sufficient accuracy and are reserved for

large systems of equationswhere there are a majority of zero elements in the matrix. Often times
the algorithms are taylor-made to takeadvantage of the special structure such as band

matrices. Practical uses include applications in circuit analysis, boundary value problems and
partial differentialequations.

Iteration is a popular technique finding roots ofequations. Generalization of fixed point
iteration can be applied to systems of linear equations to produce accurateresults. The method
Jacobi iteration is attributed to Carl Jacobi (1804-1851) and Gauss-Seidel iteration is attributed
to Johann Carl Friedrich Gauss (1777-1855) and Philipp Ludwig von Seidel (1821-1896).

Consider that the nxn square matrix A is split into three parts, the main diagonal D, below
diagonal L and above diagonal U. We have A=D-L - U.

= . =5 a3 oz s = I =1 I, =5 I
(=S (= s (= - s = - = - = -3 N
(=S = S s (=R s = S = S = 5

= . (== = =, s [= = [= S I = O
= . . (==, = = N s = =, I [= S U, I = =, I

- (= L L= Ay [= EUg [= FERe -1 [= B =



= T [ [ [ (] L
o = (] (] (] (]
(| [} [= T O (| [}
(' (| (u] = T O o
[ (] [ [ Hr 1 1 (]
L o 0 O O O S
- o a o a a [
e 0 0 0 0 0
—3z .1 —3z .z o a a a
— 8,1 —Sn_F.F — Bz ,z - o a a
—&Er_1,1 —8pn_1.x — 1,2 — &1 E o o
. — 8,1 = — 8,2 — & — 8.1 O
O —a3,: —&1,: --- —81,.n-z —81 o1 —31 .n
o o —Az,z - —8Ag .-z —Hz -1 -3 .0
o o o SRR = B —=z .no1 —3z .
o o o - o — i -l — i m
o o o o o —Er_1 .1
o o o o o o

Definition (Diagonally Dominant). The matrix ® is strictly diagonally dominant if
i-1 T
[ai,:] = 3=L | &i,5]| j=itl |ai,3] for i=LZ ....n,

Theorem ( Jacobi Iteration ). The solution to the linear system #% = B can be obtained

starting with Po | and using iteration scheme

Pra=MpPe+ Gy

where

My=D" (L+VU) apd Co=DTB_[f Po jg carefully chosen a sequence *Px! is generated
which converges to the solution P, i.e. #F = B,
A sufficient condition for the method to be applicable is that Ais strictly diagonally dominant or
diagonally dominant and irreducible.

Theorem ( Gauss-Seidel Iteration ). The solution to the linear system #% = B can be obtained

starting with Po | and using iteration scheme

Pr.p = Mz Pp +Cs



where

M= (D-L)'V 4pd Cz=(D-L)1"B

If Po is carefully chosen a sequence {Px} is generated which converges to the

solution P, i.e. AP = B,

A sufficient condition for the method to be applicable is that Ais strictly diagonally dominant or
diagonally dominant and irreducible.

Mathematical Subroutine (Jacobi Iteration).

Jacobi[A0 , B0 , PO , max ] :=
Module[{h - H[A0], B - H[B0], i, j, k = 0, n - Length[P0], P - PO, Pold - PO},
Print["P"y, " = ", F]:
‘i'l'hile[ k - max,

For[i=1,i=m, i++,

1 n

Prig = Brag + Aps g Poldpg - Zn[[irj] Poldpq | ]:
IEWEN| 3=l

Print["P"y,1," = ", P1;

Pold = P:

k=k+1; ]:

Return[P]: ]:

Mathematical Subroutine (Gauss-Seidel Iteration).

GaussSeidel [0, B0 _, PO_, max ] :=
Module[{h = H[R0], B = H[B0], i, j, k=0, n =Length[P0], P = PO},
Print["P",, " = ", P]:
While[ k < max,

For[i=1,i=mn, i++,

1 In

Prig = P Brig + Aps,iqg Py - Zﬁ[[ifjjl Pra| ¢
IEEN| 3=1

Print_ [II PII T n = n r P] :

k=k+1; ]:
Return[P]:]:



Warning.

Iteration does not always converge. A sufficient condition for iteration to Jacobi iteration to
converge is that A is strictly diagonally dominant. The following subroutine will check to see if a
matrix is strictly diagonally dominant. It should be used before any call to Jacobi iteration or
Gauss-Seidel iteration is made. There exists a counter-example for which Jacobi iteration
converges and Gauss-Seidel iteration does not converge. The "true" sufficient condition for Jacobi

iteration to converge is that the "spectral radius" of M= D™ (R-D) g less than 1, where P is the

diagonal of ®. That is, the magnitude of the largest eigenvalue of Mmust be less than 1. This
condition seems harsh because numerical computation of eigenvalues is an advanced topic
compared to solution of a linear system.

Dominant[A ] :=
l-![ndule[{cunﬂ =1, n=Length[A]}-
For[i=1, i=mn, i++,
oy
8 | Zm:s [Api,3q] = 2 Abs [Ag,i7], cond = 0; |; ]:
3=
If[cond == 1,
Print["The matrix IS =strictly diagonally dominant."]:;
Print["Jacobhi iteration should converge."]: ,
Print["The matrix is HOT strictly diagonally dominant."]:
Print["Jacohi iteration will FATL !"]: 1: ] H

More efficient subroutines
A tolerance can be supplied to either the Jacobi or Gauss-Seidel method which will permit it to
exit the loop if convergence has been achieved.



Mathematical Subroutine (Jacobi Iteration).

Jacobi[A0 , B0 , P0 , € ,max ] :=
Module[{h = H[A0], B = H[B0], e, i, 3, k=0, n=Length[P0], P = PO, Pold = PO},
Print["P"y, " = ", P];
e=1;
While[ ind[ k< max, e = €],
For[i=1,i=mn,i++,

1

I
Prg = Brig + Ap,agPoldpy - Z“[[i,j] Poldpg | ]:

IENEN| 3=l

e =~/ {P_Pold). (P - Pold) :
Print["P"y,1, " = ", P1;
Pold = P:

k=k+1];

Return[P]: ]:

Mathematical Subroutine (Gauss-Seidel Iteration).

Gaussieidel [0 , BO , PO, € , max ] :=
Module[{h - H[A0], B - H[B0], e, i, 3, k = 0, n= Length[P0], P = PO, Pold = PO},
Print["P',, " = ", P]:
e=1;
‘i'mile[]imi[k-:mx,e:-e],
Pold = P;
For[i=1,i=mn,i++,
1

Iu
Brag + ApapPrag - Z“[[i,jnl’m 1:
IENEN| 3=l

Prg =

e =~/ {P_Pold). (P - Pold) :
Print["P"y,1, " = ", P1;
k=k+1]:

Return[P]: |:

Subroutines using matrix commands

In the Jacobi subroutine we can use fix point iteration as suggested by the theory.



Mathematical Subroutine (Jacobi Iteration).

JacobhiFP[A0 , B0 , PO , max ] :=
Module[{h = H[AO0], B = H[BO], i, k=0, n = Length[P0O] ., P = PO},
Print["P"qp, " = ", P]:
d = DPiagonalMatrix[Tabhle[hp; 3. {1, Length[A]}]1]1:
M= -Inverse[d].{h -d}:;
c = Inverse[d]. {(B):
For[k=1, k=max, kK++,
P=-c+M.P;
Print["P"y A" = ",.PF1: 1:
Return[P]: ]:

Successive Over Relaxation - SOR Method:

Background

Suppose that iteration is used to solve the linear system #X = B and that Px is

an approximate solution. We call Bx = B-®Px the residual vector, and if Px isa good
approximation then Bx = 0 A method based on reducing the norm of the residual

will produce a sequence {Px! that converges faster. The successive over relaxation - SOR

method introduces a parameter “ which speeds up convergence. The SOR method can be used
in the numerical solution of certain partial differential equations.

Consider that the nxn square matrix A is split into three parts, the main diagonal D, below
diagonal L and above diagonal U. We have A=D-L - U.

a3 .1 a3 .: a3 .= =T I a3 -1 a3 .

ST Ag Lz Ag 2 - Ag i Az -1 Az .

Az .1 Az .z Az .z - Ax g Az n-1 Az .
Apr_r,1 Arn_z.:z Az .2 - Az & Ar_g -1 Ar—z
1,1 3An-1.:z A1 .2 - A1 n—Z Ar_ 1. -1 Arn-l.n

E-:|'\|.-_'L E-':n.-i E-:|'\|.-2 E-':n.-:l'\u—i a-':l-u.-:l-u—._'l_ E-:n.-:n =

=N T o a - a a o L'
a [= N a .- a a a
O O [= KN ] ] O
o o a [= B o a o
o o a .. a [= T I | o
1 o o a a a = T




E— 0 0 0 a 0
—3z .1 —az .z a a a o

—Br_#,1 —Sp_i,& —Hp_ i,z - u a o

—8r_1,.1 —Ar-1.& —8np-_1.2z 0 —8rn_ 1l .n-rz o (]
-8 .1 — 3y, 2 — 8,2 — 3y, oz -3, a1 O

s 0 = T — &7 = — &3 oz —S3 1 — &3
] o —3ag .,z - =T — 3z -1 — 3z .n

(u} (] (]} - — 3 e — 3 a1 — 3z .

o o o o S =T N S, — 8z 1
(] [l (] [l [l —E 1

., O [l (] (] (] a i

Definition (Diagonally Dominant). The matrix ® is strictly diagonally dominant if
i-1 T

lais | = 32 |ai5l =il a3 for i=12 ....n,

Theorem ( Jacobi Iteration ). The solution to the linear system #% = B can be obtained

starting with Po | and using iteration scheme

Prax = Mg P+ Gy

where

M;=D ' (L+W gpnd Cs=D'EB

If Po is carefully chosen a sequence {Px} is generated which converges to

the solution P, i.e. AF = B,

A sufficient condition for the method to be applicable is that A is strictly diagonally dominant or
diagonally dominant and irreducible.

Theorem ( Gauss-Seidel Iteration ). The solution to the linear system #%X = B can be

obtained starting with Po | and using iteration scheme

Pra = MePp+ G

where

M;=(D-L)7VU gpd Cz=(D-L17B

If Po is carefully chosen a sequence {Px} is generated which converges to
the solution P, i.e. AP = B,



A sufficient condition for the method to be applicable is that A is strictly diagonally dominant or
diagonally dominant and irreducible.

Theorem ( SOR Iteration ). Given a value of the parameter * (chosen in the

interval ®=% < 2)  the solution to the linear system X = B can be obtained starting with Po |
and using iteration scheme

Pri = MuPyr +Cy

where

P, — I — o L3 5 1l — ol I 4 oo UED
and Cu=w (D -wLl™B

If Po is carefully chosen a sequence {Px} is generated which converges to

the solution P, i.e. AF = B,

Remark. A theorem of Kahan states that the SOR method will converge only if “ is chosen in
the interval 0=w < 2,

Remark. When we choose ® = 1 the SOR method reduces to the Gauss-Seidel method.
Mathematical Subroutine (Jacobi Iteration).

Jacobi[A0 , B0 , PO , max ] :=
Module[{R - H[A0], B - H[B0], i, 3, k = 0, n - Length[P0], P - PO, oldP - PO},
Print["P';, " = ", P];
‘I'I'hile[k-: max,

Fur[i: 1,iz=mn, i++,

i-1 I
Prig = 1 Brig - Z“mirj] oldPrp - Z A sgoldPry | ¢
| == || =1 J=i+l
Print["P"y .., " = ", P];
oldP = P;
k=k+1: ]:

Return[P]: ]:



Mathematical Subroutine (Gauss-Seidel Iteration).

GaussSeidel[A0 , B0 , PO , max ] :=
Module[{h - H[A0], B - H[B0], i, j, k=0, n - Length[P0], P - PO},
Print["P",, " = ", P]:
‘H'hile[ kK = max,

For[i=1,i=m, i++,

i i1 E

Prig = a Brig - Zﬁlrifjm Py - Z A1 Pma| )¢
=41 3=1 J=is+l

Print [II PII ]-:...1.!' n = n r P] :

k= k+1: ]:
Return[P]:]:

Mathematical Subroutine (Successive Over Relaxation).

SORmethod[A0_, BO , PO , & , max ] :=
Module[{A = N[A0], B = H[B0]1, i, 3, k =0, n = Lenyth[P0], P = PO, oldP = PO},
Print["P",, " = ", P]:
While[ k < max,

For[i=1,izmn, i+,

i-1 I
Brig - Zﬁmifj] Ppg - Z Api yyoldPry| -

Pl]:i]] ={1-@w} DlﬂP[[i]] +
LR | 3=1 J=isl

Print["P"ya. " = ", PI:
oldP = P;

k=k+1;]:

Return[P]: |:

Pivoting Methods:

Background
In the Gauss-Jordan module we saw an algorithm for solving a general linear system

of equations #X =B consisting of nequations and n unknowns where it is assumed that the system
has a unique solution. The method is attributed

Johann Carl Friedrich Gauss (1777-1855) and

Wilhelm Jordan (1842 to 1899). The following theorem states the sufficient conditions for
the existence and uniqueness of solutions of a linear system #X=B_ Theorem ( Unique

Solutions ) Assume that ® is an =nmatrix. The following statements are equivalent.

(i) Given any 1 matrix B, the linear system #X=Bhas a unique solution.

(ii) The matrix ® is



nonsingular (i.e., ™ exists).
(iii) The system of equations #% =0 hag the unique solution ¥=10,

(iv) The determinant of ® is nonzero, i.e. 42t (A) # 0

It is convenient to store all the coefficients of the linear system #% =B in one array
of dimension ®xt+1  The coefficients of B are stored in column t+1 of the array
(i.e. m.m1=bi) Row E contains all the coefficients necessary torepresent the A equation in

the linear system. The augmented matrix is denoted ¥= [& | Bl and the linear system
is represented as follows:

81,1 H1,: &1,z ... F1n b1
8z,1 A,z Bz, «e. Arn Di
83,1 A,z Bz, ... Azgn D
M= ‘&1 8n: 8n «++ Hnn Bn

The system =B with augmented matrix ¥, can be solved by performing row operations

on M The variables are placeholders for the coefficients and cam be omitted until the end of
the computation.

Theorem (Elementary Row Operations ). The following operations applied to the augmented
matrix ¥ yield an equivalent linear system.

(i) Interchanges: The order of two rows can be interchanged.
(ii)Scaling: Multiplying a row by a nonzero constant.

(iii) Replacement: Row r can be replaced by the sum of that tow and a nonzero multiple of
any other row;

that is: L9Wr = LOW, - C EOW,

It is common practice to implement

(ii1) by replacing a row with the difference of that row and a multiple of another row.

Definition ( Pivot Element ). The number 2. in the coefficient matrix ® that is used to

eliminate 2i.r where 1=r+1lp+2 ....n jgcalled the p™ pivot element, and the 5™ row is
called the pivot row.

Theorem ( Gaussian Elimination with Back Substitution ). Assume that ® is an n=n

nonsingular matrix. There exists a unique system YX=X that is equivalent to the given



system #X=B_where U is an upper-triangular matrix with %i.: #0 for 1=L2, ....n

. After Vand¥ are constructed, back substitution can be used to solve VX=X for ¥, ng

Pivoting Strategies
There are numerous pivoting strategies discussed in theliterature. We mention only a few to give
an indication of the possibilities.

(i) No Pivoting. No pivoting means no row interchanges. It can be done only if Gaussian
elimination never run into zeros on the diagonal. Since division by zero is a fatal error we
usually avoid this pivoting strategy.

Pivoting to Avoid

app=0

If 2re=0 then row p cannot be used to eliminate the elements in column p below the main
diagonal. It isnecessary to find row k, where #x.z# 0 and k > p, and then interchange row p and
row k so that a nonzero pivot element is obtained. This process is called pivoting, and the
criterion for deciding which row to choose is called a pivoting strategy. The first idea that comes
to mind is the following one.

(ii) Trivial Pivoting. The trivial pivoting strategy is as follows. If 2r.r #9  do not switch
rows. If 8.z =0_ locate the first row below p in which @z # 1 and then switch rows k and

p. This will result in a new element % # 9, which is a nonzero pivot element.

Pivoting to Reduce Error

Because the computer uses fixed-precision arithmetic, it is possible that a small error will be
introduced each time that an arithmetic operation is performed. The following example illustrates
how use of the trivial pivoting strategy in Gaussian elimination can lead to significant error in the
solution of a linear system of equations.

(iii) Partial Pivoting. The partial pivoting strategy is as follows. If 2=z #0  do not switch

. . I a'u.-pl = I[I.E._H | a-:i..-p |
rows. If #.x=0 locate row u below p in which PHlaisn and #.r#0 and

then switch rows u and p. This will result in a new element 2 # 9, which is a nonzero pivot
element.

Remark. Only row permutations are permitted. The strategy is to switch the largest entry in the
pivot column to the diagonal.

(iv) Scaled Partial Pivoting. At the start of the procedurewe compute scale factors for each row
of the matrix # as follows:

3; = max | a;.s | .
* l=9=mn el for i=1, 2, cean I

The scale factors are interchanged with their corresponding row in the elimination steps. The



scaled partial pivoting strategy is as follows. If 3z #7  do not switch rows. If Zp.p =0

| &u,p | | 2i.pl
P _— P

, locate row u below p in which S prlzisn g and 3= #0 and then switch

rows u and p. This will result in a new element 2e.x #Y  which is a nonzero pivot element.
Remark. Only row permutations are permitted. The strategy is to switch the largest scaled entry
in the pivot column to the diagonal.

(v) Total Pivoting. The total pivoting strategy is as follows. If %z #9  do not switch

rows. If 2r.r =0 Jocate row u below p and column v to the right of p in

= Ina = F
which Dol = A, 124

switch column v and p. This will result in a new element %z #%, which is a nonzero pivot
element. This is also called "complete pivoting" or "maximal pivoting."

Remark. Both row and column permutations are permitted. The strategy is to switch the largest
entry in the part of the matrix that we have not yet processed to the diagonal.

and 2s.~#U and then: first switch rows u and p and second

Kirchoff's Law:

Background

Solution of linear systems can be applied to resistornet work circuits. Kirchoff's voltage law
says that the sum of the voltage drops around any closed loop in the network must equal zero. A
closed loop has the obvious definition: starting at a node, trace a path through the circuit that
returns you to the original starting node.

Network #1

Consider the network consisting of six resistors and two battery, shown in the figure below.

1 E
I i 1 = g iﬂ T4 §
=51
I's I's

There are two closed loops. When Kirchoff's voltage law is applied, we obtain the following
linear system of equations.



(¥ry + ¥ +¥s) A7 — rs i = =Ll

— X=s A3 + {r2+r3+r*+r5}ig = L1}

Network #2

Consider the network consisting of nine resistors and one battery, shown in the figure below.

1 Ta Iz
E—AAT DA A
— u nZ @ 2E Q o =
=31
ry I's I'o
—AAAN P Vi

There are three loops. When Kirchoff's voltage law is applied, we obtain the following linear
system of equations.

(X1+rg+Te)ia - Iy ip = &1
-Trg i + (Fo+F¥y+Y¥c +Yzyis - Yg iz = 1}
- ¥g iz + {(F¥s+X¥s +Ys+Xg)is = 1}
Network #3

Consider the network consisting of six resistors and two batteries, shown in the figure below.



iy | =

B R it
| ——— i1 = iz | e——
El % m Eﬂ
ra Trs
B T it
iz
ity
T

There are three loops. When Kirchoff's voltage law is applied, we obtain the following linear

system of equations.

{I‘l + ¥z + r.i} il + r= 12 + rq i3 = B2q
r= il + {]‘."2 + Xz + I'5} 12 - e i3 = =)
Yy il - i 12 + {]‘."4 + ¥ + I'E} i3 = 1)

Interpolation and Polynomial Approximation:

Lagrange Polynomials:
Background.

We have seen how to expand a function £ (%) in a Maclaurin polynomial about *» =¢
involving the powers *and a Taylor polynomial about * # % involving the powers (¥ - *u) "

. The Lagrange polynomial of degree  passes through the 2+l points [(¥k: ¥x)
for =01 ...n and were investigated by the mathematician Joseph-Louis Lagrange (1736-

1813).

Theorem ( Lagrange Polynomial ). Assume that t* ¢*'a,b] and € [ b]
for k=01 ...n are distinct values. Then

E(x) = By () + By (]|



where Fn (%) is a polynomial that can be used toapproximate £ (x)

[k —Xp) =-- [Hyp —Hp_1) (K —Xkq41l - -« [Hp — Xnd

o e - n?}: (X — o) «.. [ — Myp_1) (X — M) --. [ — 5]
k=0

and we write

£ (x) & Pr(x)

The Lagrange polynomial goes through the B+ 1 points { (% ¥}z | ie.

Pn (k) = £ (%)  for k=01, ...n

The remainder term Fr (%1 has the form

Fr (2] = ———————— (= —-Xa) (¥ - 1) (X —-z) ... (X —-Xna) (2 - Xa)
i+ 13 1

for some value t© =t (%) that lies in the interval [a. b] |

The cubic curve in the figure below illustrates a Lagrange polynomial of degree n = 3, which

passes through the four points & ¥x) for k=0, 12 3,

=3

= {Fr1 - Frad [z« 372
=

* L5 s Fz)




x=0; y=0; Clear[n, t, x, ¥];
(t-x)t-x)( -1(3) (t %) (t - %) (t -x3)
(% - %) (M - %) (%, - x3) (xl ) (% -%) (% - x3)
(t %)t - x) (t-x3) (t X}t -m)(t-xm)
Tt w0 (%) o) (e X)) (6K
Print["p[x] = ", p[x]]:
Print["p[%] = ", p[%l, "\0', "\n", "plad = ', plkd, "N AR, RIK] = U plxd, WY, WY, UpIxe] = L pIR] D
(x-x1) (x-%) (E-%) 1o . (x-%p) (K-%g) (K-X3) 1 . (K-%p) (R-X1) (K-Xa) T . (k-%p) (X-%1) (K-%) T
(¥o-X1) (o -%a) (Ro-¥g)  (-Xp+¥n) (R -%e) (Ri-%a)  (-Xa+¥e) (Xp+¥e) (Bp-%a)  (-Xo# ) (X1 +3) (=X 43
Pl = ¥

plt 1:=¥

plx] =

Pl =¥
bl#:] = ¥:
plx:] = ¥

Theorem. (Error Bounds for Lagrange Interpolation, Equally Spaced Nodes) Assume
that £ () defined on [2- k]  which contains the equally spaced nodes *x =#o+ kh

. Additionally, assume that £ () and the derivatives of £ (*) wup to the order m+1 are
continuous and bounded on the special subintervals [*u ¥1] | [Xe, %e] | [%0. X2] | [¥g, X4] |

and [*w ¥5]  respectively; that is,

|f(""“l) ()| = M, for ®, <H S ¥y

for n=1 234 5 The error terms corresponding to these three cases have the following useful
bounds on their magnitude

M
(. IR0l s 8 isvalidfor *x€ Bl
i
2 hg
(). RGOl = 943 jsvalid for *& [ %],
B e
(i), IR0l = 24 isvalidfor *= [xe ],
+f a750 + 290145 -
@iv). [|Relx)| = 3000 "7 isvalid for X [¥n %l |
10+747

L
(v). IBs ()| = 1215 ° is valid for ¥ € [¥n %51



Algorithm ( Lagrange Polynomial ). To construct the Lagrange polynomial

I

P (xl= ZY}: Ly ()

k=0

of degree 1, based onthe n+1 points (*x ¥xJ for k=10, 1. ..n_ The Lagrange coefficient
polynomials Lnx (21 for degree ™ are:

[ — gl «ee [ — Hp_21]d X — Hpp1l === [X — Xl

[} — Xod - - - (M3 — Xp_1) [k — Xieg1d - - - (X — X))

for k=01 ..n,

Lr 3 (3]

You can use the first Mathematical subroutine that does things in the "traditional way" or you
are welcome to use the second subroutine that illustrates "Object Oriented Programming."

Mathematica Subroutine (Lagrange Polynomial). Traditional programming.

Lagyamnge [ 7] - =
l-:[nﬂule:[{j_.. K, n, prod, =umn, texrmm, >, )

m = Lemgbth[>=%] — A-

X = Transpose [ZXW ] aoq-r
W = Tramnspose [ ] =g
=wmamn =

Fur[]-r.= D, X = ., ¥+,

Pprod = 1Ar
Fnr[j = M0, J =M, J++,
term = Which|[ 3 ==Xk, 1.
3 o=, 3~ *Fms.am :
pc.1m — *Fms-1m
prod = prod texrm: |:
SUn = =SWn + X gc.ap BProd: ]:

Peturnf=swn]: ]|:

The above algorithm is sufficient for understanding and/orconstructing the Lagrange
polynomial.

Object Oriented Programming. Welcome to the brave new world of "Object
Oriented Programming." Use the following Mathematica subroutine which is "programmed"

X}:_,- Yk_, ZEI and lEID

using the "mathematical objects" a=o . Templates for the objects are located
by going to "File" then select "Palettes", then select "BasicInput."”



Mathematical Subroutine (Lagrange Polynomial).Object oriented programming.

Lagramnge [X% ] - =
ZI!-![u:lu[Eh.lluE:[{j_r K, m, X, ¥y,
Xy = Transpose [ZXY 1 kx.1iq -
Ty = Transpose [ 1z kx.1q-F
m = Length[>X%] — 4:;
Fur[k= D, kK=m, K++,

=
mhe R [j=-:- :-:k—:-::,][J Hae =Ky ]

Return[ >\ ¥ LIn, k. =1 ]: ]:

Mathematical Subroutine (Lagrange Polynomial).Compact object oriented programming.

Lagrange [XY 7] : =
I-Indule[{j, K, n, XX, ¥y,

Xy = Transpose[XZX¥ 1 x.17-F
¥y = Transpose[X¥1rz x.1q-7
mn = Length[>Y] - 1:

Return| Zl‘_'fk [1_[}:}:_}::][:1_[ }Ek—}[:l 1 1:

The Newton Polynomial:
Background.

We have seen how to expand a function £t (%) in a Maclaurin polynomial about * =¢
involving the powers =" and a Taylor polynomial about *» # 0 involving the powers (%~ x1"
These polynomials have a single "center" *». Polynomial interpolation can be used

to construct the polynomial of degree =7 that passes through the n+1

points C><3c =+ T“f3xe = L3y »« T L[C><3 1 1

, for E=0,1, . n_ [fmultiple "centers" *sr¥1, ----%n are used, then the result is the so

called Newton polynomial. We attribute much of the founding theory to Sir Isaac
Newton (1643-1727).

Theorem ( Newton Polynomial ). Assume that t# ¢*'a, bl and *x € [a, b]

for E=0,1, .1 aredistinct values. Then



T == n — i S | -2 -al | —_ = ===

where Fr (%) is a polynomial that can be used to approximate £ %)

Pr®) =&y + &1 (M-Hg) + 8z (M- M) [ —-H1) + &g (- Hg) (3 -21) (- ;)
+ aan

+ A, [ -Hp) (X -X1) (X —-Hz)] ... [ —-Xn0)

and we write

E(xd = P (x)

The Newton polynomial goes through the n+1 points { (¥ ¥x) }ia | ie.

Pr (¥x) = £ (¥yx) for k=01, ...n

The remainder term B~ (%) has the form

£ L1l a=]

Br (X)) = ——— (X —Hp) (X -1 (3 -] «.o [ —Hrd (3 —-X5)
(rn+ 17 !

for some value == ¢ (%) that lies in the interval [2: P] . The coefficients 2i are constructed
using divided differences.

Definition. Divided Differences.

The divided differences for a function £[*] are defined as follows:

;] - £[=xia]

Elxiar i1 =
i — i

Flxi 1, 1] - E[Hi_zr Hia]

Elxi zr Hiaer X3] =
Hi — Xji_g

Elxi zr Xias i ] = E[Hizr Hi_zr Xial

Elxi 2e Mi_zr Xia, il =
Hi — iz

Elxig41er === Xi]l — E[Xi 3, -« Hial

i - x:i.—j

ElMi_gr Kiogadls === ¥il =

The divided difference formulae are used to construct the divided difference table:



i Byl Elxiaa, ®:] ElXice, ¥y, il E{¥ioe, ®Wisee ¥iaa, ¥i] E[®ier ¥iop, ¥ioer Hiae ¥i] Xa X1

Hy Hp Ha E[xg] EL[x1] £[x=:z] EL£[x:] EL[xa] L[xa, ®1] L[x1, %] E[H:z, ®z] L[Hz, Hal

E[xg, X1, Xz

ElHy, e, Xz
Elxn, ®¥1, Xz, 2]
ElHz, Xz, X4l

Elx1, ¥i, Mz, ¥4l £%0, X1, Xir X2, Xa

The coefficient @i of the Newton polynomial Fn (%) is @i =L[¥s, X1, -.., %] and itis the
top element in the column of the i-th divided differences.

The Newton polynomial of degree =t that passes through the n+1
points (e, Fed = (¥, £ 001 for E=0.1,,n jg

Pro(®) = a8 + 81 [(M-Ho) + 8z (M —-Ho) (X —-H1] + @z (X —Hg) (X -X1) [X-H:)
+ aa
+ 8 [ —Hg) (M -21) (X -] «an (X —Hpa)

The cubic curve in the figure below illustrates a Newton polynomial of degree n = 3.

=3

= {Fr1 - Frad [z« 372
=

* L5 s Fz)




Clear[f, p, £, x, ¥, =2]1:

flx . ¥ -2 1:=HModule[£{}, Return| fly. =1 - fLx, ¥l 11
= — X
plt_ 1 =£0x] + £[x,, 3] (£ -0y +
Flxq, 3 ¥=] (t — 3 (E -3 ) +

Elan, 307 , 32, 5] (8 — 3603 (€ —300 ) (& — 30237

Print["pI[x] = ", pI[x]1]1:
Print["plx] = ", p[x1]1:
Print["p[x]1 = ", plx1]1:
Print["p[x:1 = ", p[x=11:
Print["p[x:] = ", Together[pl[x-111:
Print["p[x] = ", p[x=11:
Print["pl[x=] = ", Together[p[x=11 1:
RIENEEN : RIEAEIEN] - [+ [%] } £ 14 [w]
o) o) [ AL S| (5] ) et |-y At
£l +f v i i
] - £l (Ll +E[01]) (-%) . -y -
By Xy 4Ny K+ dy

plxe] = £[xp] plx1] = £[x1]

plxs] = £[xp] + [(-E[xg] + £[x1]) [-Xg + Xz) . (xp +%)
=¥+ X1

-E[xo] + E[x1] . -E[x1] + E[x;] ]

=Xp + X1 X1+ Xz

Blx:] = £[x:]

AlalHla] | Al

- + (-Xp#2y) (-8 +8)
(-Efx] +£080]) (-3 4) Ay 44y
Dl = £l + +(-xpety) [Xpexy) |-

-Iuﬂl -Ilﬂg -Il+:(2 -12+Ig
t

DR =61+ X

JAbltb] | Abalibe]l o AQaldle] | Ayl
DA =Xi+ 4y

blx:] = £[x:]

Theorem. (Error Bounds for Newton Interpolation, Equally Spaced Nodes) Assume
that £ %) defined on [2 bl which contains the equally spaced nodes ¥k =0+ kh
. Additionally, assume that £ (%) and the derivatives of £ (%) wup to the order n+1
arecontinuous and bounded on the special subintervals = [¥s %11 | [®e %] | [o, %2] | [¥e %] |
and [=» %5]  respectively; that is,

| %7+ oo = .., for <o — == —= IEa

for n=1 2345 The error terms corresponding to these three cases have the following useful
bounds on their magnitude

M:
(. IR0l s 8 isvalidfor *x€ Bl

M. b
(i), RGOl = 943 jsvalid for *& [ %],




(iii). IR x)| = 24 is valid for *# [*¥u %]

"‘»JJI-’-I'?5EI+29EI‘M'1-’-15 5

M; b
(iv). 1Rax)| = 3000 "% s valid for * & [¥ sl |

10+7+7 ;

(v). IR0l = T 1215 ' isvalid for ¥ € [¥n 5],

Algorithm ( Newton Interpolation Polynomial ). To constructand evaluate the Newton
polynomial of degree =7 that passes through the n+1 points (Xir ¥i) = (%, L (¥i))
R for i=|:|_,- l; e I

Pl = dp,o+ d3,3 [ — el +ds & [ — Xpld [ — 23]
+ Az 2 [ —Hpgld [H —H313 [H —Hz] + - -
+d - [ — ol [H —23 1) 0 — Xzl - - [H — Xy 31
where

dig=% for i=0,1, ..., n

and

Remark 1. Newton polynomials are created "recursively."

Pry () = Fra (X1 + dp o (- Held [ 210 (2 —-Xz) ... (2 —-Xqa2]

Remark 2. Mathematica's arrays are lists and the subscripts must start with 1 instead of 0.

Mathematical Subroutine (Newton Polynomial).



HewtonPoly[X¥ ] :=
Module[{3i, i, n, X, ¥},
X = Transpose[XX]ny:
¥ = Transpose [XX]q:
n Length[X¥] - 1;
d = Table["", fn+1}, {n+1}1:

Arain iy = ¥panag:
For[i=1, 3=mn, J++,
For[i=3, i=mn, i++,
dri.iap - Apaag

Ari.i3.ag = ol
e Xy - Xp.a47 ]

Fur[i =0, i=mn, i++,

pli+1, % 1 = []e-Xppd ]:
3=l

I
Return| Zﬂ-[[i+1,i+1]] pli+1, x]]: ]
iz

Hermite Polynomial Interpolation:
Background for the Hermite Polynomial

The cubic Hermite polynomial p(x) has the interpolative properties P (s =¥ P (1) =71,
p' (xs) =dy, and P' ¥1) =di. both the function values and their derivativesare known at
the endpoints of the interval [¥i %11 | Hermite polynomials were studied by the

FrenchMathematician Charles Hermite (1822-1901), and are referred to as a "clamped cubic,"
where "clamped" refers to the slope at the endpoints being fixed. This situation isillustrated in

the figure below.




Theorem (Cubic Hermite Polynomial). If £[x] is continuous on the interval [*s- %11 | there
exists a unique cubic polynomial PI[x] = ax’ + bx’ + cx +d gych that

plxal = £l
plx1] = £lx1],
p'[¥] = £'[xa]
p'lx:e] = £'[®:e]

Remark. The cubic Hermite polynomial is a generalization of both the Taylor polynomial and
Lagrange polynomial, and it is referred to as an "osculating polynomial." Hermite polynomials

can be generalized to higher degrees by requiring that the use of more nodes {*u ¥1, - ... ¥}
and the extension to agreement at higher derivatives P xil =%l for 1= L2 ...m
and k=12 -...m  The details are found in advanced texts on numerical analysis

More Background. The Clamped Cubic Spline

A clamped cubic spline is obtained by forming a piecewise cubic function which passes through
the given set of knots (*o. ¥ul, (1, ¥1), ..., (¥n, ¥n) with the condition the function values,
their derivatives and second derivatives ofadjacent cubics agree at the interior nodes. The
endpoint conditions are ¥' (o) =dy and 3' (%) = dn where Doaddn are given.

More Background. The Natural Cubic Spline

A natural cubic spline is obtained by forming a piecewise cubic function which passes through
the given set of knots (%o ¥ols (X1, ¥1l, ..., (¥, ¥n) with the condition the function values,
their derivatives and second derivatives ofadjacent cubics agree at the interior nodes. The
endpoint conditions are ='' (o) =0 and 3'' () = 0 The natural cubic spline is said to be "a
relaxed curve."

Cubic Splines:

Cubic Spline Interpolant

Definition (Cubic Spline). Suppose that { (- %) ko are n+1 points,
where @=%Xs<Xp<...=Xn=b_ The function = x) iscalleda

cubic spline if there exists n cubic polynomials = (%] with
coefficients Sk.or 5,1, 5k,¢, @d 5,2 that satisfy the properties:



L 50 = S (x)

¥ z
= Sh.,o0+ Fx,1 [H —Hxd + S,z [ — Xl + S,z [ — Hxd

for = = [ 3t r ey ] and k= = O, 1 .

II. G0(¥x) =¥, for E=0,1l, ..., n

The spline passes through each data point.

II1. Sk (Xrg1) = Sk (Keg1) for k=01, ..., n-2,

The spline forms a continuous function over [a,b].

1V. S}It Ex]HlJ:S}I:.hJ_ [(¥341) for E=0,1, ..., n-2

The spline forms a smooth function.

IV, 5% (1) = S0 ea1) for k=0,1, ..o, n-2

The second derivative is continuous.

Lemma (Natural Spline). There exists a unique cubic spline with the

free boundary conditions #'' (@) =0 and #'' by =0

- = = » T» — 1

Remark. The natural spline is the curve obtained by forcing a flexible elastic rod through the

points but letting the slope at the ends be free to equilibrate to the position that minimizes the
oscillatory behavior of the curve. It is useful for fitting a curve to experimental data that is

significant to several significant digits.

Program (Natural Cubic Spline). To construct and evaluate the cubic spline interpolant = (¥)

fOI‘ the n+l data points (Xor Fodr (H1r F1) s ooy (Hnr ¥n) R using
the freeboundary conditions ='' (&) =0 and ='' (b} =10,

Mathematical Subroutine (Natural Cubic Spline).



HaturalSpline[X¥0 ] = l-Iuﬂule[{}En'.'= =0y,
Differences : = ]!-![ul:lu[lule[{]-r.}“r

m = Length[XY] - 1;
X = Transpose [ZX ] Loqr
Y = Transpose [ZY =g+
h=d = Tabhle[0, fn}]-
m = Table[D, fnn+13]:
a=h=c=vwv = Table[0, fnn - 131+
= = Table[D, In}, {4}]:
hpy = X=p - Xma-
a _ Xren - ¥ma

1N |} I r

1o

Fnr[k= 2, K=n, K++,

hpg = ¥Xpe.an - Xpa+
a Y. - ¥oen |
=1 = hpg ;

apkcay = hpey-

bBp.ay = 2 (hpeay + hpepd s

-1y = Ty

Yoeay = 6 Aoy - Ap.ag>]: ]+
TriDiagonal : = ZI:-:[ulzlntil.ul||=_'=[{]-r._r t},

My = 0

myyr..aqy = 0:
ZI:"-:l-]:'[]-r.=2_r E=m-1, E++,

p _ mE-am
By
by = Poppg - Y Cmeap
Vr-aq
et B
=17
For[k=mn-2, 1=k, k——,
Vren — Cm] M™Mk.21 . 4. 4.
My .1q = B r ] ]'
=1
ComputeCoeff : = ]!-![ul:lu[lul-la-[{]lr.}“r

For[k=1, K=n, k++,

Snc.,11 = ¥Yoen-

1
Sre.z1 = A@men — - hpeq €2 Myneq + Mype.aq ¥ F
M.y |
Spe.zy) = ———— ¢
o
M1y — MMy
= = 1 1:
M. 4T ¢ hpy 171
CS[t_ ] := Module[{3}.

For[jJ=1, J=mn, J++,

TEL Xy =t &% t = Xy k=3 1: 1=
IE[t = Xpop- k =11+

ITE[Xrn.ag =t, k=m];

w =t — X



Remark. There are five popular types of splines: natural spline, clamped spline, extrapolated
spline, parabolically terminated spline, endpoint curvature adjusted spline.
When Mathematica constructs a cubic spline it uses the "natural cubic spline."

Clamped Spline.

Lemma (Clamped Spline). There exists a unique cubic spline with the
first derivative boundary conditions #' (&l =ds and #' (b1 =dn,

A property of clamped cubic splines.
A practical feature of splines is the minimum of the oscillatory behavior they
possess. Consequently, among all functions f(x) which are twice continuously differentiable on

[a,b] and interpolate a given set data points { (*x, £ (%))} | the cubic spline has "less
wiggle." The next result explains this phenomenon.

Theorem (Minimum property of clamped cubic splines). Assume that € C*(a, b]
and % (%) is the unique clamped cubic spline interpolant for £ (%) which passes

through {(xs £ (xx)) }ew and satisfies the clamped end conditions #' (a1 = £' (a)
and 5' by =£'(b) = Then

i =) i =)
J (E ot dx = J (£ =1 dx

Program (Clamped Cubic Spline). To construct and evaluate the cubic spline
interpolant S(x) for the n+1 data

, using thefirst derivative boundary conditions =' (2] =dys and =' (k) =dn,

Curve Fitting:

Least Squares Lines:

Background

The formulas for linear least squares fitting were independently derived by
German mathematician Johann Carl Friedrich Gauss (1777-1855) and the
French mathematician Adrien-Marie Legendre (1752-1833).



Theorem (Least Squares Line Fitting ). Given the n data

points (%1 ¥1), (¥i Fils «+w; (%no ¥n) | the least squares line ¥ = 2% +b  that fits the points has
coefficients a and b given by:

(Fhol®k) Fhol T - D EL 1 ¥k ¥

n L2
(Fraxx)®-n E "

and
(FRa i) ERa % ¥i - 0 Xk Fha

n i
(ZhaXk)®-n §]=ka

Remark. The least squares line is often times called the line of regression.
Mathematical Subroutine (Least Squares Line).

Regression[XY0 ] := Hudule[ {k, n, X¥ =3¥01},
n = Length[X¥]:
X = Transpose [X¥]ny:
Y = Transpose [X¥] rq:
A Or Xp1® ERaXpa ]:
Zra Xpg n
5. [ZFaXra Yo ]:
Zia ¥y
Cc = LinearSolve[h, B];
4=~ ¢
b = Cpz a7}
n
E2 = > (¥pqg -aXpg - b)Y
k=

Return[ax+b1; |:

Philosophy. What comes first the chicken or the egg ? Which coordinate is more sacred, the
abscissas or the ordinates. We are always free to choose which variable is independent when we

graphaline; ¥ =8a8x+b or % =2¢c¥+d When you realize that two different "least squares
lines" can be produced we are amazed. What should we do ? Which line should we use ? You
must decide a priori which variable is independent and which is dependent and then proceed.
Exercise 3 asked you to think about the mathematics that is involved with this "paradox."

Another "Fit"

Theorem (Power Fit). Given the ™ data points (¥1. ¥1}, (s ¥&), «. .. (. ¥n) | the

power curve ¥ = ax" that fits the points has coefficients a given by:



a= Zxﬂ'y}t / inm
) k=1 .
Remark. The case m =1 is a line that passes through the origin.

Mathematical Subroutine (Power Curve).

PoverCurve[2¥0 . m ]:= Hudule[ {k, n, XX =2¥0 },
n=Length[X¥]:
X = Transpose [XY¥] !
Y = Transpose [X¥] r:q¢

a:Z(xm}’“ Yy /ZU‘M}MF
T k=l

Return[ax™]: ]:

Least Squares Polynomials:

Theorem ( Least-Squares Polynomial Curve Fitting ). Given the ™ data
points (%1 ¥1l, (¥s Fils ««w; (Xns ¥n) | the least squares polynomial of degree m of the form

P i¥) = Cp + Cy¥+ O3 4 vun + CpX™ 0 4 Cpyp ¥

that fits the n data points is obtained by solving the following linear system

T T & by m
n Zisl M Zi:in o Eial i
T
T T T i = i
Z’;:in Z Kiz Z }:ig Z xi“'ﬂ'l o1 E1_'LY1
izl izl izl T -
Cy .Z1=Lx1 i
n i n 2 n 4 n e
i i i i n z
izl izl izl izl Oy = it Y
. . . . . i=1
b m 1] Ll 1] - T Em I
S 1My Z x; Z 4 x4 i1 T L
Zia ¥ i1t i1t izl 1 i ¥ i

for the m+1 coefficients fi- Ctr --.. Cms Cw} | These equationsare referred to as the
"normal equations".

One thing is certain, to find the least squares polynomial the above linear system must be
solved. There are various linear system solvers that could be used for this task. However, since
this is such an important computation, most mathematical software programs have a built-in
subroutine for this purpose. In Mathematica it is called the "Fit" procedure. Fit[data, funs,



vars]| finds a leastsquares fit to a list of data as a linear combination of the
functions funs of variablesvars.

We will check the "closeness of fit" with the Root Mean Square or RMS measure for the "error
in the fit."

RMS[XX0 ] := Hudule[ {k,n, X, ¥, X¥ =Z¥0},
n = Length[X¥]:
X = Transpose [X¥] !
Y = Transpose [X¥] 0q:

1.0 = 5
Return| Tkzﬂcfm-f[xm]) 1: 1

Mathematical Subroutine (Least Squares Parabola).

LsParabola[X¥0 ] := Hudule[ fk, n, X =X¥0 },
n=Length[XX]:
X = Transpose [X¥] ng:
Y = Transpose [X¥] q+
[ n ZhaXpy D ¥pa
2 3
A= | FaXpy Do Xw1® D Xpa’ |
o 2 T E] T ¢
DaaXoa’ 2L Xea” 2o X
i Zka ¥mg
B - FaXpa Yo
2
| Dea Koen)* Yy

Z = LinearSolve[A, B]:

a=Zp.ay;
b =21y}
€ = 2.0

1.0 &
E2? = JTZ{ID{]—a—hXD{]—E (Xp»?)*
k=1

Return[a+ bhx + c:xQ]: ]:

Caution for polynomial curve fitting.
Something goes radically wrong if the data is radically "NOT polynomial." This phenomenon is
called "polynomial wiggle." The next example illustrates this concept.

Linear Least Squares
The linear least-squares problem is stated as follows. Suppose that & data points (% ¥i) }ia



[E5[x]}

and a set of ™ linearly independent functions 3= are given. We want to fine =

coefficients ‘%132 so that the function Elx] given by the linear combination
E[x] = ch £5 [x]
7=l

will minimize the sum of the squares of the errors

T

E[C1 Cay «ves Bl = > (E[%i] -¥:)" = Z

i=l izl

Z By [Hi] - ¥

[
C.
j=l

Theorem (Linear Least Squares). The solution to the linear least squares problem is found by

creating the matrix F whose elements are Fi.y = £3l¥il

F = {F; 3}

The coefficients *“i*1=2 are found by solving the linear system

where € =Transpose[{C1, Tz, ..., Cu}] gnd ¥ = Transpose[{¥L ¥ ««-: ¥nrl

Nonlinear Curve Fitting:

Data Linearization Method for Exponential CurveFitting.
Fit the curve ¥=°%"" to the data points (%1, Y1), (Xz, ¥2), .+, (¥, ¥ |

Taking the logarithm of both sides we obtain 1n (¥} = ln (ce") =
Inicl+1lne*™1 =1nicl+ax , thus

In (¥)] =ax+1ln (o),

Introduce the change of variable *=x ad Y=1n(¥) Then the previous equation becomes

Y=zaXx+ln (c)

which is a linear equation in the variables X and Y.

Use the change of variables *=x and Y=1n(¥) ¢p all the data points and obtain



Fr =¥y and Yy =1 () for k=1, 2, cee g I

Fit the points (%1 ¥1), (% Te), «.o; (50 Tr) with a "least squares line" of the
form Y=4x+F,

Comparing the equations T=2¥+E and T=aX+1n(c) we see that =2 and B=1n (c)
. Thus
E

a=dand c =@

are used to construct the coefficients which are then used to "fit the curve"
v=c |:E1 =
to the given data points 1, ¥1). (X2, ¥:), ..., (¥n: ¥n) jn the xy-plane.

Data Linearization Method for a Power Function CurveFitting.
Fit the curve ¥=5%" to the data points (¥1s T1), (X, ¥2)s «-us (Kns ¥l |

Taking the logarithm of both sides we obtain 1n (¥) = In (£x%) =
In(c) +1n (x*) = In (e)+aln (x) | thus

In () =aln ix) +1ln () |

Introduce the change of variable *=1n (x) and ¥=1n (¥1 | Then the
previous equation becomes

Y=aXx+ln(c)

which is a linear equation in the variables X and Y.

Use the change of variables *=1n(x] and ¥=1n1(y) on all the data points and obtain

Y =1 (¥) and Yy = 1 () for k=1, 2, ceep I

Fit the points (Xv Y1), (%& T:), ..., (4 Tn)  with a "least squares line" of the
form Y=4&x+E,

Comparing the equations ¥=#4%+F and T=aX+1n (c) we see that A== and BE= In (c)
. Thus

a=dand o =&

are used to construct the coefficients which are then used to "fit the curve"



v=cx"

to the given data points (¥1 ¥1), (Xi; ¥:), «..; (¥n, ¥n)  in the xy-plane.

Logistic Curve Fitting:

Background for the Logistic Curve Fitting.

L
. ¥=E6[%] = —— .
Fit the curve * l+ce2* tothe data points (1, ¥1l, (X1, ¥1ls «wor (Hns Fnl |
£ -l =ce . .
Rearrange the terms ¥ . Then take thelogarithm of both sides:

d =

1n [£ —l] =lnice®™ = lnic) +ax
K

L
=2 and Y=ln[— -1

Introduce the change of variables: ¥ ] . The previous equationbecomes

T=1n(cl + aX  which is now "linearized."

L
Hpe =¥ and Ty = ln[— -1

Use this change of variables on the data points T ] , 1.e. same

abscissa's but transformed ordinates.

Now you have transformed data points: (%17 T1)» (f1; Y1)y woey (Bny o)
Use the "Fit" procedure get Y = A X + B, which must match the form ¥ = 1n () + aX hence
we must have ©=%" and a=A.

Remark. For the method of "data linearization" we must know the constant L in
advance. Since L is the "limiting population" for the "S" shaped logistic curve, a value
of L that is appropriate to the problem at hand can usually be obtained by guessing.

Example. Use the method of "data linearization" to find thelogistic curve that fits the data for

L
= £ ="
the population of the U.S. for the years 1900-1990. Fit the curve ¥=nld = to the

census data for the population of the U.S.



Date Populatlion
1900 July 76094000

1910 July 92407000

19z0 July 106461000
1930 July 123076741
1940 July 132122446
1950 July 152271417
1950 July 180671158
1970 July 205052174
1980 July 227224681

1990 July 249464396

Fast Fourier Transform (FFT):

Definition ( Piecewise Continuous ). The function t (¥} is piecewise continuous on the
closed interval [2: b1 | if there exists values #*m X1, -+ %n with @=%s<¥1<...<Xy=b gych
that f is continuous in each of the open intervals *x-1 <% <Xk for k=12 ...n and has left-
hand and right-hand limits at each of the values *x, for k=0,1.2, ...n,

Definition ( Fourier Series ). If T %) is periodic with period ZLl and is
piecewise continuous on (U 2L] ' then the Fourier Series + (x) for f (xJ js

30 = %+§(aj cos (j %x) +hy 2in (j %x]] ,

where the coefficients 2i 4 3 are given by the so-calledEuler's formulae:

1 &L e
ay = IJ; f (x) cos IZijjldlx for 9=0,1, ...

1 tL T P
— fi)ein ] —=|dx for 3 =1, 2, ...
A 577



Theorem (Fourier Expansion). Assume that = (%) is the Fourier Series for T (%)

If £(x) and £' () are piecewise continuous on [9+ 2L1 | then % (%) is convergent for
all =e[0, 2L]

The relation £ (x) =% (%) holds forall *=[0: 2L] where £ ¥} i{scontinuous. If *=2 is

a point ofdiscontinuity of Tt (¥)  then

£ (a™) + £ (&%)

=1 =
(al >

b
where £ (a7) and £ (a*) denote the left-hand and right-hand limits, respectively. With this
understanding, we have the Fourier Series expansion:

Ay o . .7
£f¥) = ? +jz=ll(aj co2 (] Tx) +hy 2in (] IH]]
Definition (Fourier Polynomial). If £ (%) is periodic with period 2L andis
piecewise continuous on [ 2L] = then the Fourier Polynomial # () for £ (%1 of degree m
is

m

30X = ?+Z(aj cos |:j %x] +hy 2in [j %x]]

j=1

where the coefficients 23 2 by are given by the so-calledEuler's formulae:

1 ik T p
— f(x)icos|] —=|dx torJ=0,1, ..,m
2 3

5

and

1 riL m
by IL f(xjsin[jfx]-ﬂlx for 9=1,2, ..,u

Numerical Integration calculation for the Fourier trigonometric polynomial.

Assume that T (%) is periodic with period 2L and is piecewise continuous on [0 2L] 'we
shall construct the Fourier trigonometric polynomial over [0,2L] of degree m.

m

P(x) = ? +Z[ajcns[j%x1 +hjsin[j%x]]

3=1



Ay = —— ¥y = K —
There are n subintervals of equal width n  basedon n . The coefficients are

1 o=t o
;= — Eus[j—xk]f[xk)ﬂx
Lo L for 3=01% ..m,
and
1 n-1 ) o
hy = —Zﬁln[]—xk]f(xk)ﬂx _
L= L for 1=L2 ..,m,

The construction is possible provided that Z2+1=z=n,

Remark. The sums can be viewed as numerical integrationof Euler's formulae when [0,2L] is
1

divided into nsubintervals. The trapezoidal rule uses the weights 2 for both the £ (s
and £ (%) . Since f(x) has period 2L, it follows that £ (¥a) = £ (xs) | This permits us to use 1
for all the weights and the summation index from k=0 tok =n-1,

The Fast Fourier Transform for data.

The FFT is used to find the trigonometric polynomial when only data points are given. We will
demonstrate three ways to calculate the FFT. The first method involves computingsums, similar
to "numerical integration," the second method involves "curve fitting," the third method involves
"complex numbers."

Computing the FFT with sums.
2L
M = ——
Given data points { (%ns ¥nl} where *» =" and #n =2 Lover [0,2L] where * n
for E=0. L2 ..n_ Also given that ¥~ =¥, to that the data is periodic with period L. We

shall construct the FFT polynomial over [0,2L] of degree m.

m

P(x) = ? +Z[ajcns[j%x1 +hjsin[j%x]]

3=1

A= 2 -
The abscissa's form n subintervals of equal width n  basedon n . The
coefficients are

a]=—ZEDs[j—xk Vi _
I 3o L for =012 ..o
and
2 n-1 . o
b; = —ZSln[j—xk Vi
n & L =1, 2 I
k=0 for ] 3 S 2



The construction is possible provided that Z2+1=z=n,

Determinants and Conic Section Curves:

Background.

Five points in the plane uniquely determine an equation for a conic section. The implicit formula
for a conic section is often mentioned in textbooks, and the special cases for an ellipse,
hyperbola, parabola, circle are obtained by either setting some coefficients equal to zero or
making them the same value.

Implicit Equation for a Line.

The equation €1¥+€z¥+C: =0 ofthe line through the two points (%1, ¥11, (¥z, ¥:) can be
computed with the determinant

x ¥ 1
¥ on 1
¥ ¥ 1

Numerical Differentiation:
Background.

Numerical differentiation formulas formulas can be derived by first constructingthe Lagrange
interpolating polynomial F: %) through three points,differentiating the Lagrange polynomial,
and finally evaluating F:' (%) at the desired point. In this module the truncation error will be
investigated, but round off error from computer arithmetic using computer numbers will be
studied in another module.

Theorem (Three point rule for £'[¥1). The central difference formula for the
first derivative, based on three points is

il ]
f‘]):]s[\‘.\x‘l\:w
i b

and the remainder term is

_fl:3:'[.:] .
1 [=,., =] = I




Together they make the equation T ' [>x] = Dl1[=x, h] + Rl[x. h] | andthe
truncation error bound is
—ECLF2 [c=1 s - 1. s

EEl[h] = — h

where ¥z = mara—~a | £F2[221 | _ This gives rise to the Big
"O" notationfor the error term for £'[x]:
flx+h] - £[x -h]

£'[x] = . + 0 kY

Theorem (Three point rule for £''[¥1), The central difference formula for the
second derivative, based on three points is

£lx-h] - 2f[x] + £[X+h]

£1'[x] « D2[x, h] =

hi ,
and the remainder term is
_ ECEn
P[>, 1] = T [=1 4=
1=
Together they make the equation £ ' ' [x] = D=[x, h] + RzZ[x, Ih] | andthe
truncation error bound is
_ g4
EEZ[h] = ZE ] e Ms 2
1z
where Ms=m&a | £9[x] | This gives rise to the Big "O" notation or the error term
for £''[x]:
i, B
= somb ,
Project 1.

Investigate the numerical differentiation
F[[=x+h] — E[x — 1]
E'[=<] = .
formula Zh and truncation error

— £ [z M
EEl[hk] = ZEIel e | M e
bound & &

=T . .
where M™M=z = marao . | E [==1 | . The truncation error is



investigated. The round off error from computer arithmetic using computer numbers will be
studied in another module.

Enter the three point formula for numerical differentiation.

Clear[f, h, x]1:

Fx+h] - E[x-h] .
2h "

Print["£'[x] = ", D1[x, h] 1:

Di[x , h ] =

—E[-Ii+ =] + E[}h +=]
2 h

£'[x] =

Aside. From a mathematical standpoint, we expect that the limit of the difference quotient is
the derivative. Such is the case, check it out.

f[x +h] - £[x - h]

Limit [ o , h= 0, Analytic - True]
£[x]
Example Consider the function & [3=1 = w=~" =dxa[3<x1 . Findthe

formula for the third derivative £[x1 | it will be used in our explorations for
the remainder term and the truncation error bound. Graph £°1x] | Find the
bound Mz = maExa—=—n | £ [21 | . Look atit's graph and estimate the

value M:, be sure to take the absolute value if necessary.

Solution
Project I1.
£ E[x-h] -2 £[x] +E[x +h]
Investigate the numerical differentiation formulae h? and
- R, My
) EEl[h] = ‘—h g —h Y
truncation error bound 1z 1z where M4 =La...a | L7 [x] | | The

truncation error is investigated. The round off error from computer arithmetic using computer
numbers will be studied in another module.

Enter the formula for numerical differentiation.

Clear[d, £]:

£[x-h] - 2 £[x] + £[x + h]
hZ '
Print["£''[x] = ", D2[x, h]1:

D2[x ,h ] =

2 f[x] +E[-h+x] +E[h+x]

£ [%] = o




Aside. It looks like the formula is a second divided difference, i.e. the difference quotient of two
difference quotients. Such is the case.

flaeh] -£[x]  £[x] -£[xh]

Together | b - L ]

_Zf[x] +E[-h+x] +E[h+x]
hi

Aside. From a mathematical standpoint, we expect that the limit of the second divided
difference is the second derivative. Such is the case.

f[x - h] -2 £[x] + £[x + h]
]-l2

Limit [ s h =0, Analytic — True]

£]x]

Example. Consider the function £[x] = ™ #in[x]  Find the formula for the
fourth derivative £**[x] | it will be used in our explorations for theremainder term and the
truncation error bound. Graph £“[x] . Find the bound Ms=naximan | £%[x] | Look at it's

graph and estimate the value M:, be sure to take the absolute value if necessary.
Solution




Numerical Analysis:

Calculus and Fundamentals:

Big "O" Truncation Error:

The 0th Order of Approximation

Clearly, the sequences[image: [Graphics:Images/BigOMod_gr_2.gif]]and[image: [Graphics:Images/BigOMod_gr_3.gif]]are both converging to zero.In addition, it should be observed that the first sequence is converging to zero more rapidly than the second sequence.In the coming modules some special terminology and notation will be used to describe how rapidly a sequence is converging.

Definition 1.The function[image: [Graphics:Images/BigOMod_gr_4.gif]]is said to be big Oh of[image: [Graphics:Images/BigOMod_gr_5.gif]],denoted[image: [Graphics:Images/BigOMod_gr_6.gif]],if there exist constants[image: [Graphics:Images/BigOMod_gr_7.gif]]and[image: [Graphics:Images/BigOMod_gr_8.gif]]such that

[image: [Graphics:Images/BigOMod_gr_9.gif]]whenever[image: [Graphics:Images/BigOMod_gr_10.gif]].

The big Oh notation provides a useful way of describing the rate of growth of a function in terms of well-known elementary functions ([image: [Graphics:Images/BigOMod_gr_31.gif]], etc.).The rate of convergence of sequences can be described in a similar manner.

Definition 2.Let[image: [Graphics:Images/BigOMod_gr_32.gif]]and[image: [Graphics:Images/BigOMod_gr_33.gif]]be two sequences.The sequence[image: [Graphics:Images/BigOMod_gr_34.gif]]is said to be of order big Oh of[image: [Graphics:Images/BigOMod_gr_35.gif]], denoted[image: [Graphics:Images/BigOMod_gr_36.gif]],if there exist[image: [Graphics:Images/BigOMod_gr_37.gif]]andNsuch that

[image: [Graphics:Images/BigOMod_gr_38.gif]]whenever[image: [Graphics:Images/BigOMod_gr_39.gif]].

Often a function[image: [Graphics:Images/BigOMod_gr_46.gif]]is approximated by a function[image: [Graphics:Images/BigOMod_gr_47.gif]]and the error bound is known to be[image: [Graphics:Images/BigOMod_gr_48.gif]].This leads to the following definition.

Definition 3.Assume that[image: [Graphics:Images/BigOMod_gr_49.gif]]is approximated by the function[image: [Graphics:Images/BigOMod_gr_50.gif]]and that there exist a real constant[image: [Graphics:Images/BigOMod_gr_51.gif]]and a positive integer n so that

[image: [Graphics:Images/BigOMod_gr_52.gif]]for sufficiently small h.
We say thatapproximateswith order of approximationandwrite

[image: [Graphics:Images/BigOMod_gr_53.gif]].

When this relation is rewritten in the form[image: [Graphics:Images/BigOMod_gr_54.gif]],we see that the notation[image: [Graphics:Images/BigOMod_gr_55.gif]]stands in place of the error bound[image: [Graphics:Images/BigOMod_gr_56.gif]].The following results show how to apply the definition to simple combinations of two functions.

Theorem (Big "O" Remainders for Series Approximations).

Assume that[image: [Graphics:Images/BigOMod_gr_57.gif]]and[image: [Graphics:Images/BigOMod_gr_58.gif]],and[image: [Graphics:Images/BigOMod_gr_59.gif]].Then

(i)[image: [Graphics:Images/BigOMod_gr_60.gif]],

(ii)[image: [Graphics:Images/BigOMod_gr_61.gif]],

(iii)[image: [Graphics:Images/BigOMod_gr_62.gif]],

provided that[image: [Graphics:Images/BigOMod_gr_63.gif]].

It is instructive to consider[image: [Graphics:Images/BigOMod_gr_66.gif]]to be the [image: [Graphics:Images/BigOMod_gr_67.gif]] degree Taylor polynomial approximation of[image: [Graphics:Images/BigOMod_gr_68.gif]];then the remainder term is simply designated[image: [Graphics:Images/BigOMod_gr_69.gif]],which stands for the presence of omitted terms starting with the power[image: [Graphics:Images/BigOMod_gr_70.gif]].The remainder term converges to zero with the same rapidity that[image: [Graphics:Images/BigOMod_gr_71.gif]]converges to zero as h approaches zero, as expressed in the relationship

[image: [Graphics:Images/BigOMod_gr_72.gif]] 
for sufficiently smallh.Hence the notation[image: [Graphics:Images/BigOMod_gr_73.gif]]stands in place of the quantity[image: [Graphics:Images/BigOMod_gr_74.gif]], whereMis a constant or behaves like a constant.

Theorem (Taylor polynomial).

Assume that the function[image: [Graphics:Images/BigOMod_gr_75.gif]]and its derivatives[image: [Graphics:Images/BigOMod_gr_76.gif]]are all continuous on[image: [Graphics:Images/BigOMod_gr_77.gif]].Ifboth[image: [Graphics:Images/BigOMod_gr_78.gif]]and[image: [Graphics:Images/BigOMod_gr_79.gif]]lie in the interval[image: [Graphics:Images/BigOMod_gr_80.gif]],and[image: [Graphics:Images/BigOMod_gr_81.gif]]then

[image: [Graphics:Images/BigOMod_gr_82.gif]],
is the n-th degree Taylor polynomial expansion of[image: [Graphics:Images/BigOMod_gr_83.gif]]about[image: [Graphics:Images/BigOMod_gr_84.gif]].The Taylor polynomial of degree nis

[image: [Graphics:Images/BigOMod_gr_85.gif]]
and
[image: [Graphics:Images/BigOMod_gr_86.gif]].

The integral form of the remainder is

[image: [Graphics:Images/BigOMod_gr_87.gif]],

and Lagrange's formula for the remainder is

[image: [Graphics:Images/BigOMod_gr_88.gif]][image: [Graphics:Images/BigOMod_gr_89.gif]][image: [Graphics:Images/BigOMod_gr_90.gif]]

where [image: [Graphics:Images/BigOMod_gr_91.gif]] depends on [image: [Graphics:Images/BigOMod_gr_92.gif]] and lies somewhere between[image: [Graphics:Images/BigOMod_gr_93.gif]].

The following example illustrates the theorems above.The computations use the addition properties

(i)[image: [Graphics:Images/BigOMod_gr_122.gif]],

(ii)[image: [Graphics:Images/BigOMod_gr_123.gif]]where[image: [Graphics:Images/BigOMod_gr_124.gif]],

(iii)[image: [Graphics:Images/BigOMod_gr_125.gif]]where[image: [Graphics:Images/BigOMod_gr_126.gif]].

Order of Convergence of a Sequence

Numerical approximations are often arrived at by computing a sequence of approximations that get closer and closer to the answer desired. The definition of big Oh for sequences was given in definition 2, and the definition of order of convergence for a sequence is analogous to that given for functions in Definition 3.

Definition 4.Suppose that[image: [Graphics:Images/BigOMod_gr_159.gif]]and[image: [Graphics:Images/BigOMod_gr_160.gif]]is a sequence with[image: [Graphics:Images/BigOMod_gr_161.gif]].We say that[image: [Graphics:Images/BigOMod_gr_162.gif]]converges to xwith the order of convergence[image: [Graphics:Images/BigOMod_gr_163.gif]],if there exists a constant[image: [Graphics:Images/BigOMod_gr_164.gif]]such that

[image: [Graphics:Images/BigOMod_gr_165.gif]]for n sufficiently large.

This is indicated by writing

[image: [Graphics:Images/BigOMod_gr_166.gif]]
or
[image: [Graphics:Images/BigOMod_gr_167.gif]]with order of convergence [image: [Graphics:Images/BigOMod_gr_168.gif]].

Example.Let[image: [Graphics:Images/BigOMod_gr_169.gif]]and[image: [Graphics:Images/BigOMod_gr_170.gif]];then[image: [Graphics:Images/BigOMod_gr_171.gif]]with a rate of convergence[image: [Graphics:Images/BigOMod_gr_172.gif]].
Solution.



The Origin of Complex Numbers:

Chapter 1 Complex Numbers:

Overview:

Get ready for a treat. You're about to begin studying some of the most beautiful ideas in mathematics. They are ideas with surprises. They evolved over several centuries, yet they greatly simplify extremely difficult computations, making some as easy as sliding a hot knife through butter. They also have applications in a variety of areas, ranging from fluid flow, to electric circuits, to the mysterious quantum world. Generally, they are described as belonging to the area of mathematicsknown as complex analysis.

Section 1.1The Origin of Complex Numbers

Complex analysis can roughly be thought of as the subject that applies the theory of calculus to imaginary numbers. But what exactly are imaginary numbers? Usually, students learn about them in high school with introductory remarks from their teachers along the following lines: "We can't take the square root of a negative number. But let's pretend we can and begin by using the symbol [image: [Graphics:Images/ComplexNumberOrigin_gr_1.gif]]." Rules are then learned for doing arithmetic with these numbers. At some level the rules make sense. If [image: [Graphics:Images/ComplexNumberOrigin_gr_2.gif]], it stands to reason that [image: [Graphics:Images/ComplexNumberOrigin_gr_3.gif]]. However, it is not uncommon for students to wonder whether they are really doing magic rather than mathematics.

If you ever felt that way, congratulate yourself! You're in the company of some of the great mathematicians from the sixteenth through the nineteenth centuries. They, too, were perplexed by the notion of roots of negative numbers. Our purpose in this section is to highlight some of the episodes in the very colorful history of how thinking about imaginarynumbers developed. We intend to show you that, contrary to popular belief, there is really nothing imaginary about "imaginary numbers." They are just as real as "real numbers."

Our story begins in 1545. In that year the Italian mathematician Girolamo Cardano published Ars Magna (The Great Art), a 40-chapter masterpiece in which he gave for the first time an algebraic solution to the general cubic equation

[image: [Graphics:Images/ComplexNumberOrigin_gr_4.gif]].

Cardano did not have at his disposal the power of today's algebraic notation, and he tended to think of cubes or squares as geometric objects rather than algebraic quantities.Essentially, however, his solution began with the substiution [image: [Graphics:Images/ComplexNumberOrigin_gr_5.gif]].This move transforms[image: [Graphics:Images/ComplexNumberOrigin_gr_6.gif]]into the cubic equation[image: [Graphics:Images/ComplexNumberOrigin_gr_7.gif]]without a squared term, which is called a depressed cubic and can be written as

[image: [Graphics:Images/ComplexNumberOrigin_gr_8.gif]].
You need not worry about the computational details, but the coefficients are[image: [Graphics:Images/ComplexNumberOrigin_gr_9.gif]]and[image: [Graphics:Images/ComplexNumberOrigin_gr_10.gif]].

Exploration.

[image: [Graphics:../Images/ComplexNumberOrigin_gr_11.gif]]

[image: [Graphics:../Images/ComplexNumberOrigin_gr_12.gif]]



To illustrate, begin with[image: [Graphics:Images/ComplexNumberOrigin_gr_13.gif]]and substitute[image: [Graphics:Images/ComplexNumberOrigin_gr_14.gif]].The equation then becomes[image: [Graphics:Images/ComplexNumberOrigin_gr_15.gif]], which simplifies to[image: [Graphics:Images/ComplexNumberOrigin_gr_16.gif]].

Exploration.

[image: [Graphics:../Images/ComplexNumberOrigin_gr_17.gif]]

[image: [Graphics:../Images/ComplexNumberOrigin_gr_18.gif]]

If Cardano could get any value of x that solved a depressed cubic, he could easily get a corresponding solution to [image: [Graphics:Images/ComplexNumberOrigin_gr_19.gif]] from the identity [image: [Graphics:Images/ComplexNumberOrigin_gr_20.gif]]. Happily, Cardano knew how to solve a depressed cubic. The technique had been communicated to him by Niccolo Fontana who, unfortunately, came to be known as Tartaglia(the stammerer) due to a speaking disorder. The procedure was also independently discovered some 30 years earlier by Scipione del Ferro of Bologna. Ferro and Tartaglia showed that one of the solutions to the depressed cubic equation is

[image: [Graphics:Images/ComplexNumberOrigin_gr_21.gif]].

Although Cardano would not have reasoned in the following way, today we can take this value for x and use it to factor the depressed cubic into a linear and quadratic term. The remaining roots can then be found with the quadratic formula.

For example, to solve[image: [Graphics:Images/ComplexNumberOrigin_gr_22.gif]],use thesubstitution[image: [Graphics:Images/ComplexNumberOrigin_gr_23.gif]]to get[image: [Graphics:Images/ComplexNumberOrigin_gr_24.gif]],which is a depressed cubic equation.Next, apply the "Ferro-Tartaglia" formula with [image: [Graphics:Images/ComplexNumberOrigin_gr_25.gif]] and [image: [Graphics:Images/ComplexNumberOrigin_gr_26.gif]] to get[image: [Graphics:Images/ComplexNumberOrigin_gr_27.gif]].Since[image: [Graphics:Images/ComplexNumberOrigin_gr_28.gif]]is a root,[image: [Graphics:Images/ComplexNumberOrigin_gr_29.gif]]must be a factor of[image: [Graphics:Images/ComplexNumberOrigin_gr_30.gif]].Dividing[image: [Graphics:Images/ComplexNumberOrigin_gr_31.gif]]into[image: [Graphics:Images/ComplexNumberOrigin_gr_32.gif]]gives[image: [Graphics:Images/ComplexNumberOrigin_gr_33.gif]],which yields the remaining (duplicate) roots of[image: [Graphics:Images/ComplexNumberOrigin_gr_34.gif]].The solutions to[image: [Graphics:Images/ComplexNumberOrigin_gr_35.gif]]are obtained by recalling[image: [Graphics:Images/ComplexNumberOrigin_gr_36.gif]], which yields the three roots[image: [Graphics:Images/ComplexNumberOrigin_gr_37.gif]]and[image: [Graphics:Images/ComplexNumberOrigin_gr_38.gif]].

Exploration.

[image: [Graphics:../Images/ComplexNumberOrigin_gr_39.gif]]

[image: [Graphics:../Images/ComplexNumberOrigin_gr_40.gif]]



Complex Functions and Linear Mappings:

Chapter 2Complex Functions:

Overview:

The last chapter developed a basic theory of complex numbers. For the next few chapters we turn our attention to functions of complex numbers. They are defined in a similar way to functions of real numbers that you studied in calculus; the only difference is that they operate on complex numbers rather than realnumbers. This chapter focuses primarily on very basic functions, their representations, and properties associated with functions such as limits and continuity. You will learn some interesting applications as well as some exciting new ideas.







2.1 Functions and Linear Mappings

A complex-valued function f of the complex variable z is a rule that assigns to each complex number z in a setD one and only one complex number w.We write[image: [Graphics:Images/ComplexFunLinear_gr_1.gif]]and call w the image of z under f.A simple example of a complex-valued function is given by the formula[image: [Graphics:Images/ComplexFunLinear_gr_2.gif]].The set D is called the domain of f, and the set of all images[image: [Graphics:Images/ComplexFunLinear_gr_3.gif]]is called the range of f.When the context is obvious, we omit the phrase complex-valued, and simply refer to a functionf, or to a complex function f.

We can define the domain to be any set that makes sense for a given rule, so for[image: [Graphics:Images/ComplexFunLinear_gr_4.gif]],we could have the entire complex plane for the domain D, or we might artificially restrict the domain to some set such as[image: [Graphics:Images/ComplexFunLinear_gr_5.gif]].Determining the range for a function defined by a formula is not always easy, but we will see plenty of examples later on.In some contexts functions are referred to as mappings or transformations.

In Section 1.6, we used the term domain to indicate a connected open set.When speaking about the domain ofa function, however, we mean only the set of points on which the function is defined.This distinction is worth noting, and context will make clear the use intended.

Just as z can be expressed by its real and imaginary parts,[image: [Graphics:Images/ComplexFunLinear_gr_6.gif]],we write[image: [Graphics:Images/ComplexFunLinear_gr_7.gif]],where u and v are the real and imaginary parts of w, respectively.Doing so gives us the representation

[image: [Graphics:Images/ComplexFunLinear_gr_8.gif]].

Because u and v depend on x and y, they can be considered to be real-valued functions of the real variables x and y; that is,

[image: [Graphics:Images/ComplexFunLinear_gr_9.gif]]and[image: [Graphics:Images/ComplexFunLinear_gr_10.gif]].

Combining these ideas, we often write a complex function f in the form

[image: [Graphics:Images/ComplexFunLinear_gr_11.gif]].

Figure 2.1 illustrates the notion of a function(mapping) using these symbols.

[image: [Graphics:Images/ComplexFunLinear_gr_12.gif]]

Figure 2.1The mapping[image: [Graphics:Images/ComplexFunLinear_gr_13.gif]].

There are two methods for defining a complex function in Mathematica.

We now give several examples that illustrate how to express a complex function.

Example 2.1.Write[image: [Graphics:Images/ComplexFunLinear_gr_23.gif]]in the for[image: [Graphics:Images/ComplexFunLinear_gr_24.gif]].

Solution.Using the binomial formula, we obtain

[image: [Graphics:Images/ComplexFunLinear_gr_25.gif]]

so that[image: [Graphics:Images/ComplexFunLinear_gr_26.gif]].

Example 2.2. Express the function[image: [Graphics:Images/ComplexFunLinear_gr_41.gif]]in the form[image: [Graphics:Images/ComplexFunLinear_gr_42.gif]].



Solution.Using the elementary properties of complexnumbers, it follows that

[image: [Graphics:Images/ComplexFunLinear_gr_43.gif]]


so that[image: [Graphics:Images/ComplexFunLinear_gr_44.gif]].

Examples 2.1 and 2.2 show how to find u(x,y) andv(x,y) when a rule for computing f is given. Conversely, if u(x,y) and v(x,y) are two real-valued functions of the real
variables x and y, they determine a complex-valued function[image: [Graphics:Images/ComplexFunLinear_gr_54.gif]],and we can use the formulas

[image: [Graphics:Images/ComplexFunLinear_gr_55.gif]]and[image: [Graphics:Images/ComplexFunLinear_gr_56.gif]]

to find a formula for f involving the variables z and[image: [Graphics:Images/ComplexFunLinear_gr_57.gif]].

Example 2.3. Express[image: [Graphics:Images/ComplexFunLinear_gr_58.gif]]by a formula involving the variables[image: [Graphics:Images/ComplexFunLinear_gr_59.gif]].

Solution.Calculation reveals that

[image: [Graphics:Images/ComplexFunLinear_gr_60.gif]]

Using[image: [Graphics:Images/ComplexFunLinear_gr_68.gif]]in the expression of a complex function f may be convenient.It gives us the polar representation

[image: [Graphics:Images/ComplexFunLinear_gr_69.gif]],

where U and V are real functions of the real variables r and [image: [Graphics:Images/ComplexFunLinear_gr_70.gif]].

Remark. For a given function f, the functions u and v defined above are different from those used previously in[image: [Graphics:Images/ComplexFunLinear_gr_71.gif]]which used Cartesian coordinates instead of polarcoordinates.

Example 2.4. Express[image: [Graphics:Images/ComplexFunLinear_gr_72.gif]]in both Cartesian and polar form.

Solution.For the Cartesian form, a simple calculationgives

[image: [Graphics:Images/ComplexFunLinear_gr_73.gif]]

so that[image: [Graphics:Images/ComplexFunLinear_gr_74.gif]].

For the polar form, we get v

[image: [Graphics:Images/ComplexFunLinear_gr_75.gif]]

so that[image: [Graphics:Images/ComplexFunLinear_gr_76.gif]].



Remark. Once we have defined u and v for a function f in Cartesian form, we must use different symbols if we want to express f in polar form. As is clear here, the functions u and U are quite different, as are v and V.Of course, if we are working only in one context, we can use any symbols we choose.

For a given function f, the functions u and v defined here are different from those defined by equation (2-1), because equation (2-1) involves Cartesiancoordinates and equation (2-2) involves polarcoordinates.

Example 2.5. Express[image: [Graphics:Images/ComplexFunLinear_gr_79.gif]]in polar form.

Solution. We obtain

[image: [Graphics:Images/ComplexFunLinear_gr_80.gif]]

so that[image: [Graphics:Images/ComplexFunLinear_gr_81.gif]].



We now look at the geometric interpretation of a complex function.If D is the domain of real-valued functions u(x,y) and v(x,y), the equations

[image: [Graphics:Images/ComplexFunLinear_gr_94.gif]]and[image: [Graphics:Images/ComplexFunLinear_gr_95.gif]]

describe a transformation (or mapping) from D in the xy plane into the uv plane, also called the w plane. Therefore, we can also consider the function

[image: [Graphics:Images/ComplexFunLinear_gr_96.gif]]

to be a transformation (or mapping) from the set D in the z plane onto the range R in the w plane.This idea was illustrated in Figure 2.1. In the following paragraphs we present some additional key ideas. They are staples for any kind of function, and you should memorize all the terms in bold.

If A is a subset of the domain D of f, the set[image: [Graphics:Images/ComplexFunLinear_gr_97.gif]]is called the image of the set A, and f is said to map A onto B.The image of a single point is a single point, and the image of the entire domain, D, is the range, R.The mapping[image: [Graphics:Images/ComplexFunLinear_gr_98.gif]]is said to be from A into S if the image of A is contained inS.Mathematicians use the notation[image: [Graphics:Images/ComplexFunLinear_gr_99.gif]] to indicate that a function maps A into S.Figure 2.2 illustratesa function f whose domain is D and whose range isR.The shaded areas depict that the function maps A onto B.The function also maps A into R, and, of course, it maps D onto R.

[image: [Graphics:Images/ComplexFunLinear_gr_100.gif]]

Figure 2.2[image: [Graphics:Images/ComplexFunLinear_gr_101.gif]] maps A ontoB;[image: [Graphics:Images/ComplexFunLinear_gr_102.gif]] maps A into R.

The inverse image of a point w is the set of all points z in D such that[image: [Graphics:Images/ComplexFunLinear_gr_103.gif]].The inverse image ofa point may be one point, several points, or nothing at all.If the last case occurs then the point w is not in the range of f.For example, if[image: [Graphics:Images/ComplexFunLinear_gr_104.gif]],the inverse image of the point [image: [Graphics:Images/ComplexFunLinear_gr_105.gif]] is the single point [image: [Graphics:Images/ComplexFunLinear_gr_106.gif]], because[image: [Graphics:Images/ComplexFunLinear_gr_107.gif]],and [image: [Graphics:Images/ComplexFunLinear_gr_108.gif]] is the only point that maps to [image: [Graphics:Images/ComplexFunLinear_gr_109.gif]].In the case of[image: [Graphics:Images/ComplexFunLinear_gr_110.gif]],the inverse image of the point [image: [Graphics:Images/ComplexFunLinear_gr_111.gif]] is the set [image: [Graphics:Images/ComplexFunLinear_gr_112.gif]].You will learn in Chapter 5 that, if[image: [Graphics:Images/ComplexFunLinear_gr_113.gif]],the inverse image of the point 0 is the empty set---there is no complex number z such that [image: [Graphics:Images/ComplexFunLinear_gr_114.gif]].

The inverse image of a set of points, S, is the collection of all points in the domain that map into S.If f maps D onto R it is possible for the inverseimage of R to be function as well, but the original function must have a special property: a function f is said to be one-to-one if it maps distinct points[image: [Graphics:Images/ComplexFunLinear_gr_115.gif]]onto distinct points[image: [Graphics:Images/ComplexFunLinear_gr_116.gif]].Many times an easy way to prove that a function f is one-to-one is to suppose[image: [Graphics:Images/ComplexFunLinear_gr_117.gif]],and from this assumption deduce that [image: [Graphics:Images/ComplexFunLinear_gr_118.gif]] must equal [image: [Graphics:Images/ComplexFunLinear_gr_119.gif]].Thus,[image: [Graphics:Images/ComplexFunLinear_gr_120.gif]]is one-to-one because if [image: [Graphics:Images/ComplexFunLinear_gr_121.gif]],then [image: [Graphics:Images/ComplexFunLinear_gr_122.gif]].Dividing both sides of the last equation by [image: [Graphics:Images/ComplexFunLinear_gr_123.gif]] gives[image: [Graphics:Images/ComplexFunLinear_gr_124.gif]].Figure 2.3 illustrates the idea of a one-to-one function: distinct points get mapped to distinct points.

[image: [Graphics:Images/ComplexFunLinear_gr_125.gif]]



Figure 2.3A functionw = f(z)that is one-to-one.

The function[image: [Graphics:Images/ComplexFunLinear_gr_126.gif]]is not one-to-one because [image: [Graphics:Images/ComplexFunLinear_gr_127.gif]],but[image: [Graphics:Images/ComplexFunLinear_gr_128.gif]].Figure 2.4 depicts this situation: at least two different points get mapped to the same point.

[image: [Graphics:Images/ComplexFunLinear_gr_129.gif]]

Figure 2.4A function that is not one-to-one.

In the exercises we ask you to demonstrate that one-to-one functions give rise to inverses that arefunctions.Loosely speaking, if[image: [Graphics:Images/ComplexFunLinear_gr_130.gif]]maps the set A one-to-one and onto the set B, then for each w in B there exists exactly one point z in AA such that[image: [Graphics:Images/ComplexFunLinear_gr_131.gif]].For any such value of z we can take the equation[image: [Graphics:Images/ComplexFunLinear_gr_132.gif]]and "solve" for z as a function ofw.Doing so produces an inverse function[image: [Graphics:Images/ComplexFunLinear_gr_133.gif]]where the following equations hold:

[image: [Graphics:Images/ComplexFunLinear_gr_134.gif]]

Conversely, if [image: [Graphics:Images/ComplexFunLinear_gr_135.gif]] and [image: [Graphics:Images/ComplexFunLinear_gr_136.gif]] are functions that map A into B and B into A, respectively, and the above hold, then f maps the set A one-to-one and onto the set B.

Further, if f is a one-to-one mapping from D onto T and if A is a subset of D, then f is a one-to-one mapping from A onto its image B.We can also show that, if[image: [Graphics:Images/ComplexFunLinear_gr_137.gif]]is a one-to-one mapping from A onto B and[image: [Graphics:Images/ComplexFunLinear_gr_138.gif]]is a one-to-one mapping from B onto S, then the composite mapping[image: [Graphics:Images/ComplexFunLinear_gr_139.gif]]is a one-to-one mapping from A onto S.

We usually indicate the inverse of [image: [Graphics:Images/ComplexFunLinear_gr_140.gif]] by the symbol [image: [Graphics:Images/ComplexFunLinear_gr_141.gif]].If the domains of [image: [Graphics:Images/ComplexFunLinear_gr_142.gif]] and [image: [Graphics:Images/ComplexFunLinear_gr_143.gif]] are A and B respectively, then we write

[image: [Graphics:Images/ComplexFunLinear_gr_144.gif]]for all[image: [Graphics:Images/ComplexFunLinear_gr_145.gif]],and

[image: [Graphics:Images/ComplexFunLinear_gr_146.gif]]for all[image: [Graphics:Images/ComplexFunLinear_gr_147.gif]].

Also, for[image: [Graphics:Images/ComplexFunLinear_gr_148.gif]]and[image: [Graphics:Images/ComplexFunLinear_gr_149.gif]].

[image: [Graphics:Images/ComplexFunLinear_gr_150.gif]]iff[image: [Graphics:Images/ComplexFunLinear_gr_151.gif]],and

[image: [Graphics:Images/ComplexFunLinear_gr_152.gif]]iff[image: [Graphics:Images/ComplexFunLinear_gr_153.gif]].



The Solution of Nonlinear Equations f(x) = 0:

Fixed Point Iteration:

A fundamental principle in computer science is iteration.As the name suggests, a process is repeated until an answer is achieved. Iterative techniques are used to find roots ofequations, solutions of linear and nonlinear systems ofequations, and solutions of differential equations.

A rule or function [image: [Graphics:Images/FixedPointMod_gr_1.gif]] for computing successive terms is needed, together with a starting value [image: [Graphics:Images/FixedPointMod_gr_2.gif]].Then a sequence of values [image: [Graphics:Images/FixedPointMod_gr_3.gif]] is obtained using the iterative rule [image: [Graphics:Images/FixedPointMod_gr_4.gif]].The sequence has the pattern

[image: [Graphics:Images/FixedPointMod_gr_5.gif]](starting value)
[image: [Graphics:Images/FixedPointMod_gr_6.gif]]
[image: [Graphics:Images/FixedPointMod_gr_7.gif]]
[image: [Graphics:Images/FixedPointMod_gr_8.gif]]
[image: [Graphics:Images/FixedPointMod_gr_9.gif]]
[image: [Graphics:Images/FixedPointMod_gr_10.gif]]
[image: [Graphics:Images/FixedPointMod_gr_11.gif]]

What can we learn from an unending sequence of numbers?If the numbers tend to a limit, we suspect that it is the answer.

Finding Fixed Points

Definition ( FixedPoint ). A fixed point of a function [image: [Graphics:Images/FixedPointMod_gr_12.gif]] is a number [image: [Graphics:Images/FixedPointMod_gr_13.gif]] such that [image: [Graphics:Images/FixedPointMod_gr_14.gif]].

Caution.A fixed point is not a root of the equation[image: [Graphics:Images/FixedPointMod_gr_15.gif]],it is a solution of the equation[image: [Graphics:Images/FixedPointMod_gr_16.gif]].

Geometrically, the fixed points of a function[image: [Graphics:Images/FixedPointMod_gr_17.gif]]are the point(s) of intersection of the curve[image: [Graphics:Images/FixedPointMod_gr_18.gif]]and the line[image: [Graphics:Images/FixedPointMod_gr_19.gif]].

[image: [Graphics:Images/FixedPointMod_gr_20.gif]]

Definition (Fixed Point Iteration). The iteration [image: [Graphics:Images/FixedPointMod_gr_21.gif]] for [image: [Graphics:Images/FixedPointMod_gr_22.gif]] is called fixed point iteration.

Theorem (For a converging sequence). Assume that [image: [Graphics:Images/FixedPointMod_gr_23.gif]]is a continuous function and that [image: [Graphics:Images/FixedPointMod_gr_24.gif]] is a sequence generated by fixed point iteration.
If[image: [Graphics:Images/FixedPointMod_gr_25.gif]],then [image: [Graphics:Images/FixedPointMod_gr_26.gif]] is a fixed point of [image: [Graphics:Images/FixedPointMod_gr_27.gif]].

The following two theorems establish conditions for the existence of a fixed point and the convergence of the fixed-point iteration process to a fixed point.

Theorem (First Fixed Point Theorem). Assume that [image: [Graphics:Images/FixedPointMod_gr_28.gif]], i. e.[image: [Graphics:Images/FixedPointMod_gr_29.gif]]is continuous on[image: [Graphics:Images/FixedPointMod_gr_30.gif]].
Then we have the following conclusions.
(i).If the range of the mapping [image: [Graphics:Images/FixedPointMod_gr_31.gif]] satisfies [image: [Graphics:Images/FixedPointMod_gr_32.gif]]for all [image: [Graphics:Images/FixedPointMod_gr_33.gif]], then[image: [Graphics:Images/FixedPointMod_gr_34.gif]] has a fixed point in [image: [Graphics:Images/FixedPointMod_gr_35.gif]].
(ii).Furthermore, suppose that [image: [Graphics:Images/FixedPointMod_gr_36.gif]] is defined over [image: [Graphics:Images/FixedPointMod_gr_37.gif]]and that a positive constant [image: [Graphics:Images/FixedPointMod_gr_38.gif]] exists with
[image: [Graphics:Images/FixedPointMod_gr_39.gif]]for all[image: [Graphics:Images/FixedPointMod_gr_40.gif]],then [image: [Graphics:Images/FixedPointMod_gr_41.gif]] has a unique fixed point [image: [Graphics:Images/FixedPointMod_gr_42.gif]] in [image: [Graphics:Images/FixedPointMod_gr_43.gif]].

Theorem (Second Fixed Point Theorem).  Assume that the following hypothesis hold true.
(a)[image: [Graphics:Images/FixedPointMod_gr_44.gif]] is a fixed point of a function [image: [Graphics:Images/FixedPointMod_gr_45.gif]],
(b)[image: [Graphics:Images/FixedPointMod_gr_46.gif]],
(c)[image: [Graphics:Images/FixedPointMod_gr_47.gif]] is a positive constant,
(d)[image: [Graphics:Images/FixedPointMod_gr_48.gif]], and
(e)[image: [Graphics:Images/FixedPointMod_gr_49.gif]]for all[image: [Graphics:Images/FixedPointMod_gr_50.gif]].
Then we have the following conclusions.
(i).If [image: [Graphics:Images/FixedPointMod_gr_51.gif]]for all[image: [Graphics:Images/FixedPointMod_gr_52.gif]],then the iteration[image: [Graphics:Images/FixedPointMod_gr_53.gif]]will converge to the
unique fixed point [image: [Graphics:Images/FixedPointMod_gr_54.gif]].In this case, [image: [Graphics:Images/FixedPointMod_gr_55.gif]] is said to be an attractive fixed point.
(ii).If [image: [Graphics:Images/FixedPointMod_gr_56.gif]]for all[image: [Graphics:Images/FixedPointMod_gr_57.gif]],then the iteration[image: [Graphics:Images/FixedPointMod_gr_58.gif]]will not converge to [image: [Graphics:Images/FixedPointMod_gr_59.gif]].
In this case, [image: [Graphics:Images/FixedPointMod_gr_60.gif]] is said to be a repelling fixed point and the iteration exhibits local divergence.

Remark 1. It is assumed that [image: [Graphics:Images/FixedPointMod_gr_61.gif]] in statement (ii).

Remark 2. Because [image: [Graphics:Images/FixedPointMod_gr_62.gif]]is continuous on an interval containing [image: [Graphics:Images/FixedPointMod_gr_63.gif]], it is permissible to use the simpler criterion [image: [Graphics:Images/FixedPointMod_gr_64.gif]]and[image: [Graphics:Images/FixedPointMod_gr_65.gif]] in (i) and (ii), respectively.

Corollary. Assume that [image: [Graphics:Images/FixedPointMod_gr_66.gif]]satisfies hypothesis (a)-(e)of the previous theorem.Bounds for the error involved when using[image: [Graphics:Images/FixedPointMod_gr_67.gif]]to approximate[image: [Graphics:Images/FixedPointMod_gr_68.gif]]are given by
[image: [Graphics:Images/FixedPointMod_gr_69.gif]]for[image: [Graphics:Images/FixedPointMod_gr_70.gif]],
and
[image: [Graphics:Images/FixedPointMod_gr_71.gif]]for[image: [Graphics:Images/FixedPointMod_gr_72.gif]].

Graphical Interpretation of Fixed-point Iteration

Since we seek a fixed point [image: [Graphics:Images/FixedPointMod_gr_73.gif]] to [image: [Graphics:Images/FixedPointMod_gr_74.gif]],it is necessary that the graph of the curve[image: [Graphics:Images/FixedPointMod_gr_75.gif]]and the line[image: [Graphics:Images/FixedPointMod_gr_76.gif]]intersect at the point [image: [Graphics:Images/FixedPointMod_gr_77.gif]].
The following animations illustrate two types iteration: monotone and oscillating.

Algorithm (Fixed Point Iteration).To find a solution to the equation[image: [Graphics:Images/FixedPointMod_gr_78.gif]] by starting with[image: [Graphics:Images/FixedPointMod_gr_79.gif]] and iterating[image: [Graphics:Images/FixedPointMod_gr_80.gif]].

Mathematical Subroutine (Fixed Point Iteration).



The Bisection Method:

Background. The bisection method is one of the bracketing methods for finding roots of equations.
Implementation.Given a function f(x) and an interval which might contain a root, perform a predetermined number of iterations using the bisection method.
Limitations.Investigate the result of applying the bisection method over an interval where there is a discontinuity.Applythe bisection method for a function using an interval where there are distinct roots.Apply the bisection method over a "large" interval.



Theorem (Bisection Theorem). Assume that[image: [Graphics:Images/BisectionMod_gr_1.gif]]and that there exists a number [image: [Graphics:Images/BisectionMod_gr_2.gif]] such that [image: [Graphics:Images/BisectionMod_gr_3.gif]].
If[image: [Graphics:Images/BisectionMod_gr_4.gif]] have opposite signs, and [image: [Graphics:Images/BisectionMod_gr_5.gif]] represents the sequence of midpoints generated by the bisection process, then

[image: [Graphics:Images/BisectionMod_gr_6.gif]]for[image: [Graphics:Images/BisectionMod_gr_7.gif]],

and the sequence [image: [Graphics:Images/BisectionMod_gr_8.gif]] converges to the zero[image: [Graphics:Images/BisectionMod_gr_9.gif]].

That is,[image: [Graphics:Images/BisectionMod_gr_10.gif]].

Mathematical Subroutine (Bisection Method).

[image: [Graphics:Images/BisectionMod_gr_11.gif]]

Example .Find all the real solutions to the cubic equation[image: [Graphics:Images/BisectionMod_gr_12.gif]].

Solution.



Reduce the volume of printout.
After you have debugged you program and it is working properly, delete the unnecessary print statements.

Concise Program for the Bisection Method[image: [Graphics:Images/BisectionMod_gr_640.gif]]



Now test the example to see if it still works. Use the last case in Example 1 given above and compare with the previous results.

[image: [Graphics:Images/BisectionMod_gr_641.gif]][image: [Graphics:Images/BisectionMod_gr_642.gif]] [image: [Graphics:Images/BisectionMod_gr_644.gif]][image: [Graphics:Images/BisectionMod_gr_643.gif]] 

Reducing the Computational Load for the Bisection Method

The following program uses fewer computations in the bisection method and is the traditional way to do it.Ca

[image: [Graphics:Images/BisectionMod_gr_645.gif]]n you determine how many fewer functional evaluations are used ?

Various Scenarios and Animations for the Bisection Method. 

[image: [Graphics:Images/BisectionMod_gr_646.gif]]





[image: [Graphics:Images/FixedPointMod_gr_81.gif]]

Example. Use fixed point iteration to find the fixed point(s) for the function[image: [Graphics:Images/FixedPointMod_gr_82.gif]].
Solution.



The Regula Falsi Method:

Background.

The Regula Falsi method is one of the bracketing methods for finding roots of equations.

Implementation.Given a function f(x) and an interval which might contain a root, perform a predetermined number of iterations using the Regula Falsi method.

Limitations.Investigate the result of applying the Regula Falsi method over an interval where there is a discontinuity.Applythe Regula Falsi method for a function using an interval where there are distinct roots.Apply the Regula Falsi method over a "large" interval.

Theorem (Regula Falsi Theorem). Assume that[image: [Graphics:Images/RegulaFalsiMod_gr_1.gif]]and that there exists a number [image: [Graphics:Images/RegulaFalsiMod_gr_2.gif]] such that [image: [Graphics:Images/RegulaFalsiMod_gr_3.gif]].
If[image: [Graphics:Images/RegulaFalsiMod_gr_4.gif]] have opposite signs, and

[image: [Graphics:Images/RegulaFalsiMod_gr_5.gif]]

represents the sequence of points generated by the Regula Falsi process, then the sequence [image: [Graphics:Images/RegulaFalsiMod_gr_6.gif]] converges to the zero[image: [Graphics:Images/RegulaFalsiMod_gr_7.gif]].

That is,[image: [Graphics:Images/RegulaFalsiMod_gr_8.gif]].

Mathematica Subroutine (Regula Falsi Method).

[image: [Graphics:Images/RegulaFalsiMod_gr_9.gif]]

Example.Find all the real solutions to the cubic equation[image: [Graphics:Images/RegulaFalsiMod_gr_10.gif]].
Solution.

Remember. The Regula Falsi method can only be used to find a real root in an interval [a,b] in which f[x] changes sign.

Reduce the volume of printout.

After you have debugged you program and it is working properly, delete the unnecessary print statements.









Concise Program for the Regula Falsi

[image: [Graphics:Images/RegulaFalsiMod_gr_426.gif]]

Now test the example to see if it still works. Use the last case in Example 1 given above and compare with the previous results.

[image: [Graphics:Images/RegulaFalsiMod_gr_427.gif]][image: [Graphics:Images/RegulaFalsiMod_gr_428.gif]] [image: [Graphics:Images/RegulaFalsiMod_gr_429.gif]]

Reducing the Computational Load for the Regula Falsi Method

The following program uses fewer computations in the Regula Falsi method and is the traditional way to do it.Can you determine how many fewer functional evaluations are used ?



Newton's Method:

If [image: [Graphics:Images/Newton'sMethodMod_gr_1.gif]] are continuous near a root [image: [Graphics:Images/Newton'sMethodMod_gr_2.gif]], then this extra information regarding the nature of [image: [Graphics:Images/Newton'sMethodMod_gr_3.gif]] can be used to develop algorithms that will produce sequences [image: [Graphics:Images/Newton'sMethodMod_gr_4.gif]] that converge faster to [image: [Graphics:Images/Newton'sMethodMod_gr_5.gif]] than either the bisection or false position method. The Newton-Raphson (or simply Newton's) method is one of the most useful and best knownalgorithms that relies on the continuity of [image: [Graphics:Images/Newton'sMethodMod_gr_6.gif]].The method is attributed to Sir Isaac Newton (1643-1727) andJoseph Raphson (1648-1715).

Theorem ( Newton-Raphson Theorem ).Assume that [image: [Graphics:Images/Newton'sMethodMod_gr_7.gif]] and there exists a number [image: [Graphics:Images/Newton'sMethodMod_gr_8.gif]], where [image: [Graphics:Images/Newton'sMethodMod_gr_9.gif]].If[image: [Graphics:Images/Newton'sMethodMod_gr_10.gif]], then there exists a [image: [Graphics:Images/Newton'sMethodMod_gr_11.gif]] such that the sequence [image: [Graphics:Images/Newton'sMethodMod_gr_12.gif]] defined by the iteration

[image: [Graphics:Images/Newton'sMethodMod_gr_13.gif]]for[image: [Graphics:Images/Newton'sMethodMod_gr_14.gif]]

will converge to [image: [Graphics:Images/Newton'sMethodMod_gr_15.gif]] for any initial approximation[image: [Graphics:Images/Newton'sMethodMod_gr_16.gif]].

Algorithm ( Newton-Raphson Iteration ).To find a root of[image: [Graphics:Images/Newton'sMethodMod_gr_17.gif]]given an initial approximation[image: [Graphics:Images/Newton'sMethodMod_gr_18.gif]]using the iteration

[image: [Graphics:Images/Newton'sMethodMod_gr_19.gif]]for[image: [Graphics:Images/Newton'sMethodMod_gr_20.gif]].

Mathematica Subroutine (Newton-Raphson Iteration).

[image: [Graphics:Images/Newton'sMethodMod_gr_21.gif]]

Example.Use Newton's method to find the three roots of the cubic polynomial[image: [Graphics:Images/Newton'sMethodMod_gr_22.gif]].
Determine the Newton-Raphson iteration formula[image: [Graphics:Images/Newton'sMethodMod_gr_23.gif]]that is used.Show details of the computations for the starting value[image: [Graphics:Images/Newton'sMethodMod_gr_24.gif]].
Solution.





Definition (Order of a Root)Assume thatf(x)and its derivatives[image: [Graphics:Images/Newton'sMethodMod_gr_97.gif]]are defined and continuous on an interval aboutx = p.We say thatf(x) = 0has a root of ordermatx = pif and only if

[image: [Graphics:Images/Newton'sMethodMod_gr_98.gif]].

A root of orderm = 1is often called a simple root, and ifm > 1it is called amultiple root.A root of orderm = 2is sometimes called a double root, and so on.The next result will illuminate these concepts.

Definition (Order of Convergence)Assume that[image: [Graphics:Images/Newton'sMethodMod_gr_99.gif]] converges top,and set[image: [Graphics:Images/Newton'sMethodMod_gr_100.gif]].If two positive constants[image: [Graphics:Images/Newton'sMethodMod_gr_101.gif]]exist, and

[image: [Graphics:Images/Newton'sMethodMod_gr_102.gif]]

then the sequence is said to converge topwith order of convergence R.The numberAis called the asymptotic error constant.The cases[image: [Graphics:Images/Newton'sMethodMod_gr_103.gif]]are given specialconsideration.

(i)If[image: [Graphics:Images/Newton'sMethodMod_gr_104.gif]], the convergence of[image: [Graphics:Images/Newton'sMethodMod_gr_105.gif]]is called linear.

(ii)If[image: [Graphics:Images/Newton'sMethodMod_gr_106.gif]], the convergence of[image: [Graphics:Images/Newton'sMethodMod_gr_107.gif]]is called quadratic.

Theorem (Convergence Rate for Newton-Raphson Iteration)Assume that Newton-Raphson iteration produces a sequence[image: [Graphics:Images/Newton'sMethodMod_gr_108.gif]] that converges to the rootpof the function[image: [Graphics:Images/Newton'sMethodMod_gr_109.gif]].

Ifpis a simple root, then convergence is quadratic and[image: [Graphics:Images/Newton'sMethodMod_gr_110.gif]]forksufficiently large.

Ifpis a multiple root of orderm,then convergence is linear and[image: [Graphics:Images/Newton'sMethodMod_gr_111.gif]]forksufficiently large.



Reduce the volume of printout.

After you have debugged you program and it is working properly, delete the unnecessary print statements


[image: [Graphics:Images/Newton'sMethodMod_gr_347.gif]]and
[image: [Graphics:Images/Newton'sMethodMod_gr_348.gif]]

Concise Program for the Newton-Raphson Method[image: [Graphics:Images/Newton'sMethodMod_gr_349.gif]]

Now test this subroutine using the function in Example 1.

[image: [Graphics:Images/Newton'sMethodMod_gr_350.gif]] [image: [Graphics:Images/Newton'sMethodMod_gr_351.gif]][image: [Graphics:Images/Newton'sMethodMod_gr_352.gif]] [image: [Graphics:Images/Newton'sMethodMod_gr_353.gif]] [image: [Graphics:Images/Newton'sMethodMod_gr_354.gif]] [image: [Graphics:Images/Newton'sMethodMod_gr_355.gif]][image: [Graphics:Images/Newton'sMethodMod_gr_356.gif]] [image: [Graphics:Images/Newton'sMethodMod_gr_357.gif]] [image: [Graphics:Images/Newton'sMethodMod_gr_358.gif]][image: [Graphics:Images/Newton'sMethodMod_gr_359.gif]] [image: [Graphics:Images/Newton'sMethodMod_gr_360.gif]] [image: [Graphics:Images/Newton'sMethodMod_gr_361.gif]] [image: [Graphics:Images/Newton'sMethodMod_gr_363.gif]][image: [Graphics:Images/Newton'sMethodMod_gr_362.gif]] 

Error Checking in the Newton-Raphson Method

Error checking can be added to the Newton-Raphson method.Here we have added a third parameter[image: [Graphics:Images/Newton'sMethodMod_gr_364.gif]]to the subroutine which estimate[image: [Graphics:Images/Newton'sMethodMod_gr_365.gif]]e the accuracy of the numerical solution.

The following subroutine call uses a maximum of 20 iterations, just to make sure enough iterations are performed.However, it will terminate when the difference between consecutive iterations is less than[image: [Graphics:Images/Newton'sMethodMod_gr_366.gif]].By interrogatingkafterward we can see how many iterations were actually performed.

[image: [Graphics:Images/Newton'sMethodMod_gr_367.gif]] [image: [Graphics:Images/Newton'sMethodMod_gr_369.gif]][image: [Graphics:Images/Newton'sMethodMod_gr_368.gif]][image: [Graphics:Images/Newton'sMethodMod_gr_370.gif]] [image: [Graphics:Images/Newton'sMethodMod_gr_371.gif]] [image: [Graphics:Images/Newton'sMethodMod_gr_372.gif]]

Various Scenarios



The Secant Method:

The Newton-Raphson algorithm requires two functionsevaluations per iteration, [image: [Graphics:Images/SecantMethodMod_gr_1.gif]] and[image: [Graphics:Images/SecantMethodMod_gr_2.gif]].Historically, thecalculation of a derivative could involve considerable effort.But, with modern computer algebra software packages such asMathematica, this has become less of an issue.Moreover, many functions have non-elementary forms (integrals, sums, discrete solution to an I.V.P.), and it is desirable to have a method for finding a root that does not depend on the computation of aderivative. The secant method does not need a formula for thederivative and it can be coded so that only one new function evaluation is required per iteration.

The formula for the secant method is the same one that was used in the regula falsi method, except that the logical decisions regarding how to define each succeeding term are different.





Theorem (Secant Method).

Assume that [image: [Graphics:Images/SecantMethodMod_gr_3.gif]] and there exists a number [image: [Graphics:Images/SecantMethodMod_gr_4.gif]], where [image: [Graphics:Images/SecantMethodMod_gr_5.gif]].If[image: [Graphics:Images/SecantMethodMod_gr_6.gif]], then there exists a [image: [Graphics:Images/SecantMethodMod_gr_7.gif]] such that the sequence [image: [Graphics:Images/SecantMethodMod_gr_8.gif]] defined by the iteration
[image: [Graphics:Images/SecantMethodMod_gr_9.gif]]
for[image: [Graphics:Images/SecantMethodMod_gr_10.gif]]
will converge to [image: [Graphics:Images/SecantMethodMod_gr_11.gif]] for certain initial approximations[image: [Graphics:Images/SecantMethodMod_gr_12.gif]].

Algorithm ( Secant Method ).Find a root of[image: [Graphics:Images/SecantMethodMod_gr_13.gif]]given two initial approximations[image: [Graphics:Images/SecantMethodMod_gr_14.gif]]using the iteration[image: [Graphics:Images/SecantMethodMod_gr_15.gif]]
for[image: [Graphics:Images/SecantMethodMod_gr_16.gif]].[image: [Graphics:Images/SecantMethodMod_gr_17.gif]]

Mathematica Subroutine (Secant Method).

Example.Use the secant method to find the three roots of the cubic polynomial[image: [Graphics:Images/SecantMethodMod_gr_18.gif]].
Determine the secant iteration formula[image: [Graphics:Images/SecantMethodMod_gr_19.gif]]that is used.
Show details of the computations for the starting value[image: [Graphics:Images/SecantMethodMod_gr_20.gif]].
Solution.





Reduce the volume of printout.

After you have debugged you program and it is working properly, delete the unnecessary print statements[image: [Graphics:Images/SecantMethodMod_gr_263.gif]]
[image: [Graphics:Images/SecantMethodMod_gr_264.gif]]
and[image: [Graphics:Images/SecantMethodMod_gr_265.gif]]and
Concise Program for the Secant Method

[image: [Graphics:Images/SecantMethodMod_gr_266.gif]]

Now test this subroutine using the function in Example 1.

[image: [Graphics:Images/SecantMethodMod_gr_267.gif]] [image: [Graphics:Images/SecantMethodMod_gr_268.gif]][image: [Graphics:Images/SecantMethodMod_gr_269.gif]] [image: [Graphics:Images/SecantMethodMod_gr_270.gif]][image: [Graphics:Images/SecantMethodMod_gr_271.gif]] [image: [Graphics:Images/SecantMethodMod_gr_272.gif]] [image: [Graphics:Images/SecantMethodMod_gr_273.gif]] [image: [Graphics:Images/SecantMethodMod_gr_274.gif]] [image: [Graphics:Images/SecantMethodMod_gr_275.gif]] [image: [Graphics:Images/SecantMethodMod_gr_276.gif]][image: [Graphics:Images/SecantMethodMod_gr_277.gif]] [image: [Graphics:Images/SecantMethodMod_gr_278.gif]] [image: [Graphics:Images/SecantMethodMod_gr_279.gif]] [image: [Graphics:Images/SecantMethodMod_gr_280.gif]]

Error Checking in the Secant Method

Error checking can be added to the secant method.Here we have added a third parameter[image: [Graphics:Images/SecantMethodMod_gr_281.gif]]to the subroutine which estimate the accuracy of the numerical solution.

[image: [Graphics:Images/SecantMethodMod_gr_282.gif]]

The following subroutine call uses a maximum of 20 iterations, just to make sure enough iterations are performed.
However, it will terminate when the difference between consecutive iterations is less than[image: [Graphics:Images/SecantMethodMod_gr_283.gif]].
By interrogatingkafterward we can see how many iterations were actually performed.

[image: [Graphics:Images/SecantMethodMod_gr_284.gif]] [image: [Graphics:Images/SecantMethodMod_gr_285.gif]][image: [Graphics:Images/SecantMethodMod_gr_286.gif]] [image: [Graphics:Images/SecantMethodMod_gr_287.gif]] [image: [Graphics:Images/SecantMethodMod_gr_288.gif]] [image: [Graphics:Images/SecantMethodMod_gr_289.gif]][image: [Graphics:Images/SecantMethodMod_gr_290.gif]][image: [Graphics:Images/SecantMethodMod_gr_291.gif]] [image: [Graphics:Images/SecantMethodMod_gr_292.gif]] [image: [Graphics:Images/SecantMethodMod_gr_293.gif]] [image: [Graphics:Images/SecantMethodMod_gr_294.gif]] [image: [Graphics:Images/SecantMethodMod_gr_295.gif]][image: [Graphics:Images/SecantMethodMod_gr_296.gif]] [image: [Graphics:Images/SecantMethodMod_gr_297.gif]] [image: [Graphics:Images/SecantMethodMod_gr_298.gif]] [image: [Graphics:Images/SecantMethodMod_gr_299.gif]] [image: [Graphics:Images/SecantMethodMod_gr_300.gif]]

Various Scenarios and Animations for the Secant Method.





[image: http://onestopgate.com/images/maths/numerical-analysis/nonlinear/secant/SecantMethodMod_gr_301.gif]



Muller's Method:

Background

Muller's method is a generalization of the secant method, in the sense that it does not require thederivative of the function. It is an iterative method that requires three starting points[image: [Graphics:Images/MullersMethodMod_gr_1.gif]], [image: [Graphics:Images/MullersMethodMod_gr_2.gif]], and [image: [Graphics:Images/MullersMethodMod_gr_3.gif]].A parabola is constructed that passes through the three points; then the quadratic formula is used to find a root of the quadratic for the nextapproximation.It has been proved that near a simple root Muller's method converges faster than the secant method and almost as fast as Newton's method.The method can be used to find real or complex zeros of a function and can be programmed to use complexarithmetic.

Mathematica Subroutine (Newton-Raphson Iteration).

[image: [Graphics:Images/MullersMethodMod_gr_4.gif]]

Mathematica Subroutine (Muller's Method).

Example. Use Newton's method and Muller's method to find numerical approximations to the multiple root[image: [Graphics:Images/MullersMethodMod_gr_6.gif]]of the function[image: [Graphics:Images/MullersMethodMod_gr_7.gif]].
Show details of the computations for the starting value[image: [Graphics:Images/MullersMethodMod_gr_8.gif]].Compare the number of iterations for the two methods.
Solution. [image: [Graphics:Images/Newton'sMethodMod_gr_373.gif]]





[image: [Graphics:Images/RegulaFalsiMod_gr_430.gif]]

Various Scenarios and Animations for Regula Falsi Method.

[image: [Graphics:Images/RegulaFalsiMod_gr_431.gif]]

Halley's Method:

Background

Definition (Order of a Root)Assume thatf(x)and its derivatives[image: [Graphics:Images/HalleysMethodMod_gr_1.gif]]are defined and continuous on an interval about[image: [Graphics:Images/HalleysMethodMod_gr_2.gif]].We say that[image: [Graphics:Images/HalleysMethodMod_gr_3.gif]]has a root of ordermat[image: [Graphics:Images/HalleysMethodMod_gr_4.gif]]if and only if

[image: [Graphics:Images/HalleysMethodMod_gr_5.gif]].

A root of order[image: [Graphics:Images/HalleysMethodMod_gr_6.gif]]is often called a simple root, and if[image: [Graphics:Images/HalleysMethodMod_gr_7.gif]]it is called a multiple root.A root of order[image: [Graphics:Images/HalleysMethodMod_gr_8.gif]].is sometimes called adouble root, and so on.The next result will illuminate theseconcepts.

Definition (Order of Convergence)Assume that[image: [Graphics:Images/HalleysMethodMod_gr_9.gif]] converges top,and set[image: [Graphics:Images/HalleysMethodMod_gr_10.gif]].If two positive constants[image: [Graphics:Images/HalleysMethodMod_gr_11.gif]]exist, and

[image: [Graphics:Images/HalleysMethodMod_gr_12.gif]]

then the sequence is said to converge topwith order of convergenceR.The numberAis called the asymptotic error constant.The cases[image: [Graphics:Images/HalleysMethodMod_gr_13.gif]]are given specialconsideration.

(i)If[image: [Graphics:Images/HalleysMethodMod_gr_14.gif]], the convergence of[image: [Graphics:Images/HalleysMethodMod_gr_15.gif]]is called linear.

(ii)If[image: [Graphics:Images/HalleysMethodMod_gr_16.gif]], the convergence of[image: [Graphics:Images/HalleysMethodMod_gr_17.gif]]is called quadratic.

(ii)If[image: [Graphics:Images/HalleysMethodMod_gr_18.gif]], the convergence of[image: [Graphics:Images/HalleysMethodMod_gr_19.gif]]is called cubic.

Theorem ( Newton-Raphson Iteration ).

Assume that [image: [Graphics:Images/HalleysMethodMod_gr_20.gif]] and there exists a number [image: [Graphics:Images/HalleysMethodMod_gr_21.gif]], where [image: [Graphics:Images/HalleysMethodMod_gr_22.gif]].If[image: [Graphics:Images/HalleysMethodMod_gr_23.gif]], then there exists a [image: [Graphics:Images/HalleysMethodMod_gr_24.gif]] such that the sequence [image: [Graphics:Images/HalleysMethodMod_gr_25.gif]] defined by the iteration

[image: [Graphics:Images/HalleysMethodMod_gr_26.gif]]for[image: [Graphics:Images/HalleysMethodMod_gr_27.gif]]
will converge to [image: [Graphics:Images/HalleysMethodMod_gr_28.gif]] for any initial approximation[image: [Graphics:Images/HalleysMethodMod_gr_29.gif]].

Furthermore, if[image: [Graphics:Images/HalleysMethodMod_gr_30.gif]] is a simple root, then[image: [Graphics:Images/HalleysMethodMod_gr_31.gif]]will have order ofconvergence[image: [Graphics:Images/HalleysMethodMod_gr_32.gif]],i.e.[image: [Graphics:Images/HalleysMethodMod_gr_33.gif]].

Theorem (Convergence Rate for Newton-Raphson Iteration)

Assume that Newton-Raphson iteration produces a sequence[image: [Graphics:Images/HalleysMethodMod_gr_34.gif]] that converges to the rootpof the function[image: [Graphics:Images/HalleysMethodMod_gr_35.gif]].
Ifpis a simple root, then convergence is quadratic and[image: [Graphics:Images/HalleysMethodMod_gr_36.gif]]forksufficiently large.
Ifpis a multiple root of orderm,then convergence is linear and[image: [Graphics:Images/HalleysMethodMod_gr_37.gif]]forksufficiently large.

Halley's Method

The Newton-Raphson iteration function is

(1)[image: [Graphics:Images/HalleysMethodMod_gr_38.gif]].

It is possible to speed up convergence significantly when the root is simple.A popular method is attributed to Edmond Halley (1656-1742) and uses the iteration function:

(2)[image: [Graphics:Images/HalleysMethodMod_gr_39.gif]] ,

The term in brackets shows where Newton-Raphson iteration function is changed.

Theorem ( Halley's Iteration ).Assume that [image: [Graphics:Images/HalleysMethodMod_gr_40.gif]] and there exists a number [image: [Graphics:Images/HalleysMethodMod_gr_41.gif]], where [image: [Graphics:Images/HalleysMethodMod_gr_42.gif]].If[image: [Graphics:Images/HalleysMethodMod_gr_43.gif]], then there exists a [image: [Graphics:Images/HalleysMethodMod_gr_44.gif]] such that the sequence [image: [Graphics:Images/HalleysMethodMod_gr_45.gif]] defined by the iteration

[image: [Graphics:Images/HalleysMethodMod_gr_46.gif]]for[image: [Graphics:Images/HalleysMethodMod_gr_47.gif]]

will converge to [image: [Graphics:Images/HalleysMethodMod_gr_48.gif]] for any initial approximation[image: [Graphics:Images/HalleysMethodMod_gr_49.gif]].

Furthermore, if[image: [Graphics:Images/HalleysMethodMod_gr_50.gif]] is a simple root, then[image: [Graphics:Images/HalleysMethodMod_gr_51.gif]]will have order ofconvergence[image: [Graphics:Images/HalleysMethodMod_gr_52.gif]],i.e.[image: [Graphics:Images/HalleysMethodMod_gr_53.gif]].





Square Roots

The function [image: [Graphics:Images/HalleysMethodMod_gr_54.gif]]where[image: [Graphics:Images/HalleysMethodMod_gr_55.gif]]can be used with (1) and (2) to produce iteration formulas for finding[image: [Graphics:Images/HalleysMethodMod_gr_56.gif]].If it is used in (1), the result is the familiar Newton-Raphson formula for finding square roots:

(3)[image: [Graphics:Images/HalleysMethodMod_gr_57.gif]].

When it is used in (2) the resulting Halley formula is:

[image: [Graphics:Images/HalleysMethodMod_gr_58.gif]]
(4)or
[image: [Graphics:Images/HalleysMethodMod_gr_59.gif]]
This latter formula is a third-order method for computing[image: [Graphics:Images/HalleysMethodMod_gr_60.gif]].Because of the rapid convergence of the sequences generated by (3) and (4), the iteration usually converges to machine accuracy in a few iterations.Multiple precision arithmetic is needed to demonstrate the distinction between second and third orderconvergence.The software Mathematica has extended precisionarithmetic which is useful for exploring these ideas.

Example.Consider the function[image: [Graphics:Images/HalleysMethodMod_gr_61.gif]], which has a root at[image: [Graphics:Images/HalleysMethodMod_gr_62.gif]].
(a).Use the Newton-Raphson formula to find the root.Use the starting value[image: [Graphics:Images/HalleysMethodMod_gr_63.gif]]
(b).Use Halley's formula to find the root.Use the starting value[image: [Graphics:Images/HalleysMethodMod_gr_64.gif]]

Solution.

Solution (a).
Solution (b).













Horner's Method:

Evaluation of a Polynomial

Let the polynomial [image: [Graphics:Images/HornerMod_gr_1.gif]] of degree n have coefficients [image: [Graphics:Images/HornerMod_gr_2.gif]].Then [image: [Graphics:Images/HornerMod_gr_3.gif]] has the familiar form

[image: [Graphics:Images/HornerMod_gr_4.gif]]

Horner's method (or synthetic division) is a technique for evaluating polynomials.It can be thought of as nestedmultiplication.For example, the fifth-degree polynomial

[image: [Graphics:Images/HornerMod_gr_5.gif]]

can be written in the "nested multiplication" form

[image: [Graphics:Images/HornerMod_gr_6.gif]].

Theorem (Horner's Method for Polynomial Evaluation)Assume that

(1)[image: [Graphics:Images/HornerMod_gr_21.gif]]

and[image: [Graphics:Images/HornerMod_gr_22.gif]]is a number for which [image: [Graphics:Images/HornerMod_gr_23.gif]] is to be evaluated.Then [image: [Graphics:Images/HornerMod_gr_24.gif]] can be computed recursively as follows.

(2)Set[image: [Graphics:Images/HornerMod_gr_25.gif]],
and
[image: [Graphics:Images/HornerMod_gr_26.gif]]for[image: [Graphics:Images/HornerMod_gr_27.gif]].

Then[image: [Graphics:Images/HornerMod_gr_28.gif]].

Moreover, the coefficients[image: [Graphics:Images/HornerMod_gr_29.gif]]can be used to construct[image: [Graphics:Images/HornerMod_gr_30.gif]]and[image: [Graphics:Images/HornerMod_gr_31.gif]]

(3)[image: [Graphics:Images/HornerMod_gr_32.gif]]
and
(4)[image: [Graphics:Images/HornerMod_gr_33.gif]],

where[image: [Graphics:Images/HornerMod_gr_34.gif]]is the quotient polynomial of degreen-1and[image: [Graphics:Images/HornerMod_gr_35.gif]]is the remainder.

Example.Use synthetic division (Horner's method) to find [image: [Graphics:Images/HornerMod_gr_36.gif]]for the polynomial
[image: [Graphics:Images/HornerMod_gr_37.gif]].


Solution.

Heuristics

In the days when "hand computations" were necessary, the Horner tableau (or table) was used.The coefficients[image: [Graphics:Images/HornerMod_gr_50.gif]]of the polynomial are entered on the first row in descending order, the second row is reserved for the intermediate computation step([image: [Graphics:Images/HornerMod_gr_51.gif]])and the bottom row contains the coefficients[image: [Graphics:Images/HornerMod_gr_52.gif]]and[image: [Graphics:Images/HornerMod_gr_53.gif]].

[image: [Graphics:Images/HornerMod_gr_54.gif]]

Lemma (Horner's Method for Derivatives)Assume that

[image: [Graphics:Images/HornerMod_gr_74.gif]]

and [image: [Graphics:Images/HornerMod_gr_75.gif]] is a number for which [image: [Graphics:Images/HornerMod_gr_76.gif]] and[image: [Graphics:Images/HornerMod_gr_77.gif]] are to be evaluated.We have already seen that [image: [Graphics:Images/HornerMod_gr_78.gif]] can be computed recursively as follows.

[image: [Graphics:Images/HornerMod_gr_79.gif]],and
[image: [Graphics:Images/HornerMod_gr_80.gif]]for[image: [Graphics:Images/HornerMod_gr_81.gif]].

The quotient polynomial [image: [Graphics:Images/HornerMod_gr_82.gif]] andremainder [image: [Graphics:Images/HornerMod_gr_83.gif]] form the relation

[image: [Graphics:Images/HornerMod_gr_84.gif]].

We can compute [image: [Graphics:Images/HornerMod_gr_85.gif]] can be computed recursively asfollows.

(i)[image: [Graphics:Images/HornerMod_gr_86.gif]],and
[image: [Graphics:Images/HornerMod_gr_87.gif]]for[image: [Graphics:Images/HornerMod_gr_88.gif]].

The quotient polynomial[image: [Graphics:Images/HornerMod_gr_89.gif]]
and remainder[image: [Graphics:Images/HornerMod_gr_90.gif]]form the relation

(ii)[image: [Graphics:Images/HornerMod_gr_91.gif]].

The Horner tableau (or table) was used for computing the coefficients is given below.

[image: [Graphics:Images/HornerMod_gr_92.gif]]



Using vector coefficients

As mentioned above, it is efficient to store the coefficients[image: [Graphics:Images/HornerMod_gr_109.gif]]of a polynomial[image: [Graphics:Images/HornerMod_gr_110.gif]] of degree n in the vector[image: [Graphics:Images/HornerMod_gr_111.gif]].Notice that this is a shift of the index for [image: [Graphics:Images/HornerMod_gr_112.gif]] and the polynomial[image: [Graphics:Images/HornerMod_gr_113.gif]]is written in the form

[image: [Graphics:Images/HornerMod_gr_114.gif]].

Given the value[image: [Graphics:Images/HornerMod_gr_115.gif]],the recursive formulas for computing the coefficients[image: [Graphics:Images/HornerMod_gr_116.gif]]and [image: [Graphics:Images/HornerMod_gr_117.gif]]of[image: [Graphics:Images/HornerMod_gr_118.gif]] and [image: [Graphics:Images/HornerMod_gr_119.gif]], have the new form

[image: [Graphics:Images/HornerMod_gr_120.gif]]
[image: [Graphics:Images/HornerMod_gr_121.gif]]for[image: [Graphics:Images/HornerMod_gr_122.gif]].

[image: [Graphics:Images/HornerMod_gr_123.gif]]
[image: [Graphics:Images/HornerMod_gr_124.gif]]for[image: [Graphics:Images/HornerMod_gr_125.gif]].

Then[image: [Graphics:Images/HornerMod_gr_126.gif]]











Newton-Horner method

Assume that [image: [Graphics:Images/HornerMod_gr_151.gif]] is a polynomial of degree [image: [Graphics:Images/HornerMod_gr_152.gif]] and there exists a number [image: [Graphics:Images/HornerMod_gr_153.gif]], where [image: [Graphics:Images/HornerMod_gr_154.gif]].If[image: [Graphics:Images/HornerMod_gr_155.gif]], then there exists a [image: [Graphics:Images/HornerMod_gr_156.gif]] such that the sequence [image: [Graphics:Images/HornerMod_gr_157.gif]] defined by the Newton-Raphson iteration formula

[image: [Graphics:Images/HornerMod_gr_158.gif]]for[image: [Graphics:Images/HornerMod_gr_159.gif]]

will converge torfor any initial approximation[image: [Graphics:Images/HornerMod_gr_160.gif]].The recursive formulas in the Lemma can be adapted to compute[image: [Graphics:Images/HornerMod_gr_161.gif]]and[image: [Graphics:Images/HornerMod_gr_162.gif]]and the resulting Newton-Horner iteration formula looks like

[image: [Graphics:Images/HornerMod_gr_163.gif]]for[image: [Graphics:Images/HornerMod_gr_164.gif]]

Algorithm (Newton-Horner Iteration).To find a root of[image: [Graphics:Images/HornerMod_gr_165.gif]]given an initial approximation[image: [Graphics:Images/HornerMod_gr_166.gif]]using the iteration

[image: [Graphics:Images/HornerMod_gr_167.gif]]for[image: [Graphics:Images/HornerMod_gr_168.gif]].

Mathematica Subroutine (Newton-Horner Iteration).

[image: [Graphics:Images/HornerMod_gr_169.gif]]

Mathematica Subroutine (Newton-Raphson Iteration).

[image: [Graphics:Images/HornerMod_gr_170.gif]]

Lemma (Horner's Method for Higher Derivatives)Assume that the coefficients[image: [Graphics:Images/HornerMod_gr_199.gif]]of a polynomial[image: [Graphics:Images/HornerMod_gr_200.gif]] of degree n are stored in the first row of the matrix[image: [Graphics:Images/HornerMod_gr_201.gif]].Then the polynomial[image: [Graphics:Images/HornerMod_gr_202.gif]]can written in the form

[image: [Graphics:Images/HornerMod_gr_203.gif]].

Given the value[image: [Graphics:Images/HornerMod_gr_204.gif]],the subroutine for computing all the derivatives[image: [Graphics:Images/HornerMod_gr_205.gif]]is

[image: [Graphics:Images/HornerMod_gr_206.gif]]

and

[image: [Graphics:Images/HornerMod_gr_207.gif]]for[image: [Graphics:Images/HornerMod_gr_208.gif]].









Polynomial Deflation

Given the polynomial[image: [Graphics:Images/HornerMod2_gr_1.gif]]in example 5,the iteration

[image: [Graphics:Images/HornerMod2_gr_2.gif]]

will converge to the root[image: [Graphics:Images/HornerMod2_gr_3.gif]]of[image: [Graphics:Images/HornerMod2_gr_4.gif]].The Mathematicacommand NewtonHorner[3.0,6] produces the above sequence, then the quotient polynomial[image: [Graphics:Images/HornerMod2_gr_5.gif]]is constructed with the command[image: [Graphics:Images/HornerMod2_gr_6.gif]].
[image: [Graphics:Images/HornerMod2_gr_7.gif]]

[image: [Graphics:Images/HornerMod2_gr_8.gif]]

The root stored in the computer is located in the variabler1.

[image: [Graphics:Images/HornerMod2_gr_9.gif]] [image: [Graphics:Images/HornerMod2_gr_10.gif]]

The coefficients ofQ[x]printed above have been rounded off.Actually there is a little bit of round off error in the coefficients forming[image: [Graphics:Images/HornerMod2_gr_11.gif]],we will have to dig them out to look at them.

[image: [Graphics:Images/HornerMod2_gr_12.gif]][image: [Graphics:Images/HornerMod2_gr_13.gif]][image: [Graphics:Images/HornerMod2_gr_14.gif]][image: [Graphics:Images/HornerMod2_gr_15.gif]]

Now we have a computer approximation for the factorization[image: [Graphics:Images/HornerMod2_gr_16.gif]].

[image: [Graphics:Images/HornerMod2_gr_17.gif]][image: [Graphics:Images/HornerMod2_gr_18.gif]]

We should carry out one more step in the iteration using the commandNewtonHorner[3.0,7]and get a more accuratecalculation for the coefficients of[image: [Graphics:Images/HornerMod2_gr_19.gif]].When this is done the result will be:

[image: [Graphics:Images/HornerMod2_gr_20.gif]]

[image: [Graphics:Images/HornerMod2_gr_21.gif]]

If the other roots of[image: [Graphics:Images/HornerMod2_gr_22.gif]]are to be found, then they must be the roots of the quotient polynomial[image: [Graphics:Images/HornerMod2_gr_23.gif]].The polynomial[image: [Graphics:Images/HornerMod2_gr_24.gif]]is referred to as the deflated polynomial, because its degree is one less than the degree of[image: [Graphics:Images/HornerMod2_gr_25.gif]].For this example it is possible to factor[image: [Graphics:Images/HornerMod2_gr_26.gif]]as the product of two quadratic polynomials[image: [Graphics:Images/HornerMod2_gr_27.gif]].Therefore, [image: [Graphics:Images/HornerMod2_gr_28.gif]]has the factorization

[image: [Graphics:Images/HornerMod2_gr_29.gif]],

and the five roots of[image: [Graphics:Images/HornerMod2_gr_30.gif]]are

[image: [Graphics:Images/HornerMod2_gr_31.gif]].

This can be determined by using Mathematica and the commandFactor.

[image: [Graphics:Images/HornerMod2_gr_32.gif]][image: [Graphics:Images/HornerMod2_gr_33.gif]]

This still leaves some unanswered questions that we will answer in other modules.The quadratic factors can be determined using the Lin-Bairstow method.Or if one prefers complex arithmetic, then Newton's method can be used.For example, starting with the imaginary number[image: [Graphics:Images/HornerMod2_gr_34.gif]]Newton's method will create a complex sequence converging to the complex root[image: [Graphics:Images/HornerMod2_gr_35.gif]]of[image: [Graphics:Images/HornerMod2_gr_36.gif]].

[image: [Graphics:Images/HornerMod2_gr_37.gif]][image: [Graphics:Images/HornerMod2_gr_38.gif]]

However, starting with purely imaginary number[image: [Graphics:Images/HornerMod2_gr_39.gif]]will create a divergent sequence.

[image: [Graphics:Images/HornerMod2_gr_40.gif]][image: [Graphics:Images/HornerMod2_gr_41.gif]]

For cases involving complex numbers the reader should look at the Lin-Bairstow and the Fundamental Theorem of Algebra modules.

Getting Real Roots

The following example illustrates polynomial deflation and shows that the order in which the roots are located could be important.In light of example 6 we know that better calculations are made for evaluating [image: [Graphics:Images/HornerMod2_gr_42.gif]] whenxis small.The Newton-Horner subroutine is modified to terminate early if[image: [Graphics:Images/HornerMod2_gr_43.gif]] evaluates close to zero (when a root is located).



Mathematica Subroutine (Newton-Horner Iteration).

[image: [Graphics:Images/HornerMod2_gr_44.gif]]



The Solution of Linear Systems AX = B:

Forward Substitution and Back Substitution:

Background

    We will now develop the back-substitution algorithm , which is useful for solving a linear system of equations that has an upper-triangular coefficient matrix.

Definition ( Upper-Triangular Matrix ).  An [image: [Graphics:Images/BackSubstitutionMod_gr_1.gif]] matrix [image: [Graphics:Images/BackSubstitutionMod_gr_2.gif]] is called upper-triangular provided that the elements satisfy [image: [Graphics:Images/BackSubstitutionMod_gr_3.gif]] whenever [image: [Graphics:Images/BackSubstitutionMod_gr_4.gif]].  

    If A is an upper-triangular matrix, then [image: [Graphics:Images/BackSubstitutionMod_gr_5.gif]] is said to be an upper-triangular system of linear equations.  

(1)    [image: [Graphics:Images/BackSubstitutionMod_gr_6.gif]]    

 

Theorem ( Back Substitution ).  Suppose that  [image: [Graphics:Images/BackSubstitutionMod_gr_7.gif]]  is an upper-triangular system with the form given above in (1).  If  [image: [Graphics:Images/BackSubstitutionMod_gr_8.gif]] for [image: [Graphics:Images/BackSubstitutionMod_gr_9.gif]] then there exists a unique solution.

 The back substitution algorithm.  To solve the upper-triangular system [image: [Graphics:Images/BackSubstitutionMod_gr_10.gif]] by the method of back-substitution. Proceed with the method only if all the diagonal elements are nonzero. First compute  

    [image: [Graphics:Images/BackSubstitutionMod_gr_11.gif]]  

and then use the rule  

    [image: [Graphics:Images/BackSubstitutionMod_gr_12.gif]]   for  [image: [Graphics:Images/BackSubstitutionMod_gr_13.gif]]
    
Or, use the "generalized rule"  

    [image: [Graphics:Images/BackSubstitutionMod_gr_14.gif]]   for  [image: [Graphics:Images/BackSubstitutionMod_gr_15.gif]]
where the "understood convention" is that [image: [Graphics:Images/BackSubstitutionMod_gr_16.gif]] is an "empty summation" because the lower index of summation is greater than the upper index of summation.

Remark. The loop control structure will permit us to use one formula.  

 Mathematica Subroutine (Back Substitution).

[image: [Graphics:Images/BackSubstitutionMod_gr_17.gif]]



Pedagogical version for "printing all the details."

[image: [Graphics:Images/BackSubstitutionMod_gr_18.gif]]

 Lower-triangular systems.    

    We will now develop the lower-substitution algorithm, which is useful for solving a linear system of equations that has a lower-triangular coefficient matrix.

Definition ( Lower-Triangular Matrix ).  An [image: [Graphics:Images/BackSubstitutionMod_gr_87.gif]] matrix [image: [Graphics:Images/BackSubstitutionMod_gr_88.gif]] is called lower-triangular provided that the elements satisfy [image: [Graphics:Images/BackSubstitutionMod_gr_89.gif]] whenever [image: [Graphics:Images/BackSubstitutionMod_gr_90.gif]].  

    If A is an lower-triangular matrix, then [image: [Graphics:Images/BackSubstitutionMod_gr_91.gif]] is said to be a lower-triangular system of linear equations.

(2)    [image: [Graphics:Images/BackSubstitutionMod_gr_92.gif]]   

 

Theorem (Forward Substitution).  Suppose that  [image: [Graphics:Images/BackSubstitutionMod_gr_93.gif]]  is an lower-triangular system with the form given above in (2).  If  [image: [Graphics:Images/BackSubstitutionMod_gr_94.gif]] for [image: [Graphics:Images/BackSubstitutionMod_gr_95.gif]] then there exists a unique solution.

 The forward substitution algorithm.  To solve the lower-triangular system [image: [Graphics:Images/BackSubstitutionMod_gr_96.gif]] by the method offorward-substitution. Proceed with the method only if all the diagonal elements are nonzero. First compute  

    [image: [Graphics:Images/BackSubstitutionMod_gr_97.gif]]  

and then use the rule  

    [image: [Graphics:Images/BackSubstitutionMod_gr_98.gif]]  for  [image: [Graphics:Images/BackSubstitutionMod_gr_99.gif]].  
    
Remark. The loop control structure will permit us to use one formula

    [image: [Graphics:Images/BackSubstitutionMod_gr_100.gif]]  for  [image: [Graphics:Images/BackSubstitutionMod_gr_101.gif]].  

 Mathematical Subroutine (Forward Substitution).

[image: [Graphics:Images/BackSubstitutionMod_gr_102.gif]]

 The Newton Interpolation Polynomial.    

    The following result is an alternate representation for a polynomial which is useful in the area of interpolation.

Definition ( Newton Polynomial ).  The following expression is called a Newton polynomial of degree n.

    [image: [Graphics:Images/BackSubstitutionMod_gr_131.gif]]  
or
    [image: [Graphics:Images/BackSubstitutionMod_gr_132.gif]]

If  n+1  points  [image: [Graphics:Images/BackSubstitutionMod_gr_133.gif]]  are given, then the followingequations can be used to solve for the  n+1  coefficients [image: [Graphics:Images/BackSubstitutionMod_gr_134.gif]].

    [image: [Graphics:Images/BackSubstitutionMod_gr_135.gif]]  
or
    [image: [Graphics:Images/BackSubstitutionMod_gr_136.gif]]   for   k=1, 2,..., n+1.  

This system of equations is lower-triangular.

    [image: [Graphics:Images/BackSubstitutionMod_gr_137.gif]]  
    
    [image: [Graphics:Images/BackSubstitutionMod_gr_138.gif]]  
    
    [image: [Graphics:Images/BackSubstitutionMod_gr_139.gif]]  
    
    [image: [Graphics:Images/BackSubstitutionMod_gr_140.gif]]
    ...  
    [image: [Graphics:Images/BackSubstitutionMod_gr_141.gif]]

 

Gauss-Jordan Elimination:

  In this module we develop a algorithm for solving a general linear system of equations [image: [Graphics:Images/GaussianJordanMod_gr_1.gif]] consisting of nequations and n unknowns where it is assumed that the system has a unique solution.  The method is attributedJohann Carl Friedrich Gauss (1777-1855) and Wilhelm Jordan(1842 to 1899).  The following theorem states the sufficient conditions for the existence and uniqueness of solutions of a linear system [image: [Graphics:Images/GaussianJordanMod_gr_2.gif]].  

Theorem ( Unique Solutions ) Assume that [image: [Graphics:Images/GaussianJordanMod_gr_3.gif]] is an [image: [Graphics:Images/GaussianJordanMod_gr_4.gif]]matrix.  The following statements are equivalent.

     (i) Given any [image: [Graphics:Images/GaussianJordanMod_gr_5.gif]] matrix [image: [Graphics:Images/GaussianJordanMod_gr_6.gif]], the linear system [image: [Graphics:Images/GaussianJordanMod_gr_7.gif]]has a unique solution.
     
    (ii) The matrix [image: [Graphics:Images/GaussianJordanMod_gr_8.gif]] is nonsingular (i.e., [image: [Graphics:Images/GaussianJordanMod_gr_9.gif]] exists).
    
   (iii) The system of equations [image: [Graphics:Images/GaussianJordanMod_gr_10.gif]] has the unique solution [image: [Graphics:Images/GaussianJordanMod_gr_11.gif]].  
   
   (iv) The determinant of [image: [Graphics:Images/GaussianJordanMod_gr_12.gif]] is nonzero, i.e. [image: [Graphics:Images/GaussianJordanMod_gr_13.gif]].  

    It is convenient to store all the coefficients of the linear system [image: [Graphics:Images/GaussianJordanMod_gr_14.gif]] in one array of dimension [image: [Graphics:Images/GaussianJordanMod_gr_15.gif]].  The coefficients of [image: [Graphics:Images/GaussianJordanMod_gr_16.gif]] are stored in column [image: [Graphics:Images/GaussianJordanMod_gr_17.gif]] of the array (i.e. [image: [Graphics:Images/GaussianJordanMod_gr_18.gif]]).  Row [image: [Graphics:Images/GaussianJordanMod_gr_19.gif]] contains all the coefficients necessary to represent the [image: [Graphics:Images/GaussianJordanMod_gr_20.gif]] equation in the linear system. The augmented matrix is denoted [image: [Graphics:Images/GaussianJordanMod_gr_21.gif]] and the linear system is represented as follows:

         [image: [Graphics:Images/GaussianJordanMod_gr_22.gif]][image: [Graphics:Images/GaussianJordanMod_gr_23.gif]]  

    The system [image: [Graphics:Images/GaussianJordanMod_gr_24.gif]], with augmented matrix [image: [Graphics:Images/GaussianJordanMod_gr_25.gif]], can be solved by performing row operations on [image: [Graphics:Images/GaussianJordanMod_gr_26.gif]].  The variables  are placeholders for the coefficients and cam be omitted until the end of the computation.

 Theorem ( Elementary Row Operations ). The following operations applied to the augmented matrix [image: [Graphics:Images/GaussianJordanMod_gr_27.gif]] yield an equivalent linear system.

     (i) Interchanges:    The order of two rows can be interchanged.  
     
    (ii) Scaling:       Multiplying a row by a nonzero constant.
    
   (iii) Replacement:    Row r can be replaced by the sum of that tow and a nonzero multiple of any other row;
                               that is:  [image: [Graphics:Images/GaussianJordanMod_gr_28.gif]].      

    It is common practice to implement (iii) by replacing a row with the difference of that row and a multiple of another row.  

 Definition ( Pivot Element ). The number [image: [Graphics:Images/GaussianJordanMod_gr_29.gif]] in the coefficient matrix [image: [Graphics:Images/GaussianJordanMod_gr_30.gif]] that is used to eliminate [image: [Graphics:Images/GaussianJordanMod_gr_31.gif]] where [image: [Graphics:Images/GaussianJordanMod_gr_32.gif]], is called the [image: [Graphics:Images/GaussianJordanMod_gr_33.gif]] pivot element, and the [image: [Graphics:Images/GaussianJordanMod_gr_34.gif]] row is called the pivot row.      

 Theorem ( Gaussian Elimination with Back Substitution). Assume that [image: [Graphics:Images/GaussianJordanMod_gr_35.gif]] is an [image: [Graphics:Images/GaussianJordanMod_gr_36.gif]] nonsingular matrix. There exists a unique system [image: [Graphics:Images/GaussianJordanMod_gr_37.gif]] that is equivalent to the given system [image: [Graphics:Images/GaussianJordanMod_gr_38.gif]], where [image: [Graphics:Images/GaussianJordanMod_gr_39.gif]] is an upper-triangular matrix with [image: [Graphics:Images/GaussianJordanMod_gr_40.gif]] for [image: [Graphics:Images/GaussianJordanMod_gr_41.gif]].  After  [image: [Graphics:Images/GaussianJordanMod_gr_42.gif]] are constructed, back substitution can be used to solve [image: [Graphics:Images/GaussianJordanMod_gr_43.gif]]for [image: [Graphics:Images/GaussianJordanMod_gr_44.gif]].  

Algorithm I. (Limited Gauss-JordanElimination).  Construct the solution to the linear system  [image: [Graphics:Images/GaussianJordanMod_gr_45.gif]]  by using Gauss-Jordan elimination under the assumption that row interchanges are not needed.  The following subroutine uses row operations to eliminate  [image: [Graphics:Images/GaussianJordanMod_gr_46.gif]]  in column  p  for  [image: [Graphics:Images/GaussianJordanMod_gr_47.gif]].

Mathematical Subroutine (Limited Gauss-JordanElimination).

[image: [Graphics:Images/GaussianJordanMod_gr_48.gif]]

 Provide for row interchanges in the Gauss-Jordan subroutine.

Add the following loop that will interchange rows and perform partial pivoting.

[image: [Graphics:Images/GaussianJordanMod_gr_86.gif]]

To make these changes, copy your subroutine GaussJordan and place a copy below. Then you can copy the above lines by selecting them and then use the "Edit" and "Copy" menus. The improved Gauss-Jordan subroutine should look like this (blue is for placement information only).  Or just use the active Mathematica code given below.

 Algorithm II. (Complete Gauss-JordanElimination).  Construct the solution to the linear system  [image: [Graphics:Images/GaussianJordanMod_gr_87.gif]]  by using Gauss-Jordan elimination.  Provision is made for row interchanges if they are needed.  



















Mathematical Subroutine (Complete Gauss-JordanElimination).

[image: [Graphics:Images/GaussianJordanMod_gr_88.gif]]

 Use the subroutine "GaussJordan" to find the inverseof a matrix.

Theorem ( Inverse Matrix ) Assume that [image: [Graphics:Images/GaussianJordanMod_gr_152.gif]] is an [image: [Graphics:Images/GaussianJordanMod_gr_153.gif]]nonsingular matrix. Form the augmented matrix [image: [Graphics:Images/GaussianJordanMod_gr_154.gif]] of dimension  [image: [Graphics:Images/GaussianJordanMod_gr_155.gif]].  Use Gauss-Jordanelimination to reduce the matrix [image: [Graphics:Images/GaussianJordanMod_gr_156.gif]] so that the identity [image: [Graphics:Images/GaussianJordanMod_gr_157.gif]] is in the first [image: [Graphics:Images/GaussianJordanMod_gr_158.gif]] columns.  Then the inverse [image: [Graphics:Images/GaussianJordanMod_gr_159.gif]] is located in columns [image: [Graphics:Images/GaussianJordanMod_gr_160.gif]].       

 Algorithm III. (Concise Gauss-JordanElimination).nbsp; Construct the solution to the linear system  [image: [Graphics:Images/GaussianJordanMod_gr_195.gif]]  by using Gauss-Jordan elimination.  The print statements are for pedagogical purposes and are not needed.  

















Mathematical Subroutine (Concise Gauss-JordanElimination).

[image: [Graphics:Images/GaussianJordanMod_gr_196.gif]]

Remark. The Gauss-Jordan elimination method is the "heuristic" scheme found in most linear algebratextbooks.  The line of code
        [image: [Graphics:Images/GaussianJordanMod_gr_197.gif]]
divides each entry in the pivot row by its leading coefficient [image: [Graphics:Images/GaussianJordanMod_gr_198.gif]].  Is this step necessary?  A more computationally efficient algorithm will be studied which uses upper-triangularization followed by back substitution.  The partial pivoting strategy will also be employed, which reduces propagated error and instability.

 Application to Polynomial Interpolation

Consider a polynomial of degree n=5 that passes through the six points [image: [Graphics:Images/GaussianJordanMod_gr_199.gif]];  

        [image: [Graphics:Images/GaussianJordanMod_gr_200.gif]].

For each point  [image: [Graphics:Images/GaussianJordanMod_gr_201.gif]]  is used to an equation  [image: [Graphics:Images/GaussianJordanMod_gr_202.gif]],  which in turn are used to write a system of six equations in six unknowns  [image: [Graphics:Images/GaussianJordanMod_gr_203.gif]]  

        

		[image: [Graphics:Images/GaussianJordanMod_gr_204.gif]]

		[image: [Graphics:Images/GaussianJordanMod_gr_205.gif]]

		[image: [Graphics:Images/GaussianJordanMod_gr_206.gif]]

		[image: [Graphics:Images/GaussianJordanMod_gr_207.gif]]

		[image: [Graphics:Images/GaussianJordanMod_gr_208.gif]]

		[image: [Graphics:Images/GaussianJordanMod_gr_209.gif]]

		=

		[image: [Graphics:Images/GaussianJordanMod_gr_210.gif]]



		[image: [Graphics:Images/GaussianJordanMod_gr_211.gif]]

		[image: [Graphics:Images/GaussianJordanMod_gr_212.gif]]

		[image: [Graphics:Images/GaussianJordanMod_gr_213.gif]]

		[image: [Graphics:Images/GaussianJordanMod_gr_214.gif]]

		[image: [Graphics:Images/GaussianJordanMod_gr_215.gif]]

		[image: [Graphics:Images/GaussianJordanMod_gr_216.gif]]

		=

		[image: [Graphics:Images/GaussianJordanMod_gr_217.gif]]



		[image: [Graphics:Images/GaussianJordanMod_gr_218.gif]]

		[image: [Graphics:Images/GaussianJordanMod_gr_219.gif]]

		[image: [Graphics:Images/GaussianJordanMod_gr_220.gif]]

		[image: [Graphics:Images/GaussianJordanMod_gr_221.gif]]

		[image: [Graphics:Images/GaussianJordanMod_gr_222.gif]]

		[image: [Graphics:Images/GaussianJordanMod_gr_223.gif]]

		=

		[image: [Graphics:Images/GaussianJordanMod_gr_224.gif]]



		[image: [Graphics:Images/GaussianJordanMod_gr_225.gif]]

		[image: [Graphics:Images/GaussianJordanMod_gr_226.gif]]

		[image: [Graphics:Images/GaussianJordanMod_gr_227.gif]]

		[image: [Graphics:Images/GaussianJordanMod_gr_228.gif]]

		[image: [Graphics:Images/GaussianJordanMod_gr_229.gif]]

		[image: [Graphics:Images/GaussianJordanMod_gr_230.gif]]

		=

		[image: [Graphics:Images/GaussianJordanMod_gr_231.gif]]



		[image: [Graphics:Images/GaussianJordanMod_gr_232.gif]]

		[image: [Graphics:Images/GaussianJordanMod_gr_233.gif]]

		[image: [Graphics:Images/GaussianJordanMod_gr_234.gif]]

		[image: [Graphics:Images/GaussianJordanMod_gr_235.gif]]

		[image: [Graphics:Images/GaussianJordanMod_gr_236.gif]]

		[image: [Graphics:Images/GaussianJordanMod_gr_237.gif]]

		=

		[image: [Graphics:Images/GaussianJordanMod_gr_238.gif]]



		[image: [Graphics:Images/GaussianJordanMod_gr_239.gif]]

		[image: [Graphics:Images/GaussianJordanMod_gr_240.gif]]

		[image: [Graphics:Images/GaussianJordanMod_gr_241.gif]]

		[image: [Graphics:Images/GaussianJordanMod_gr_242.gif]]

		[image: [Graphics:Images/GaussianJordanMod_gr_243.gif]]

		[image: [Graphics:Images/GaussianJordanMod_gr_244.gif]]

		=

		[image: [Graphics:Images/GaussianJordanMod_gr_245.gif]]





 

The above system can be written in matrix form  MC = B  

        [image: [Graphics:Images/GaussianJordanMod_gr_246.gif]]

Solve this linear system for the coefficients  [image: [Graphics:Images/GaussianJordanMod_gr_247.gif]]   and then construct the interpolating polynomial

        [image: [Graphics:Images/GaussianJordanMod_gr_248.gif]].  

 

		The Matrix Inverse:

Background
Theorem ( Inverse Matrix ) Assume that [image: [Graphics:Images/InverseMatrixMod_gr_1.gif]] is an [image: [Graphics:Images/InverseMatrixMod_gr_2.gif]]nonsingular matrix. Form the augmented matrix [image: [Graphics:Images/InverseMatrixMod_gr_3.gif]] of dimension  [image: [Graphics:Images/InverseMatrixMod_gr_4.gif]].  Use Gauss-Jordanelimination to reduce the matrix [image: [Graphics:Images/InverseMatrixMod_gr_5.gif]] so that the identity [image: [Graphics:Images/InverseMatrixMod_gr_6.gif]] is in the first [image: [Graphics:Images/InverseMatrixMod_gr_7.gif]] columns.  Then the inverse [image: [Graphics:Images/InverseMatrixMod_gr_8.gif]] is located in columns [image: [Graphics:Images/InverseMatrixMod_gr_9.gif]].  The augmented matrix [image: [Graphics:Images/InverseMatrixMod_gr_10.gif]] looks like:

    [image: [Graphics:Images/InverseMatrixMod_gr_11.gif]] 

We can use the previously developed Gauss-Jordan subroutine to find the inverse of a matrix.

 



Algorithm  (Complete Gauss-JordanElimination).  Construct the solution to the linear system  [image: [Graphics:Images/InverseMatrixMod_gr_12.gif]]  by using Gauss-Jordan elimination.  Provision is made for row interchanges if they are needed.  

Mathematica Subroutine (Complete Gauss-JordanElimination).

[image: [Graphics:Images/InverseMatrixMod_gr_13.gif]]

 Definition ( Hilbert Matrix ).  The elements of the Hilbert matrix  [image: [Graphics:Images/InverseMatrixMod_gr_56.gif]] of order n are  [image: [Graphics:Images/InverseMatrixMod_gr_57.gif]]  for  [image: [Graphics:Images/InverseMatrixMod_gr_58.gif]]  and  [image: [Graphics:Images/InverseMatrixMod_gr_59.gif]].  

            [image: [Graphics:Images/InverseMatrixMod_gr_60.gif]]
 

 The Inverse Hilbert Matrix
 The formula for the elements of the inverse Hilbert matrix  [image: [Graphics:Images/InverseMatrixMod_gr_169.gif]] of order  n  is known to be

        [image: [Graphics:Images/InverseMatrixMod_gr_170.gif]]

which can be expressed using binomial coefficients

        [image: [Graphics:Images/InverseMatrixMod_gr_171.gif]].

When exact computations are needed these formulas should be used instead of using a subroutine or built in procedure for computing the inverse of  [image: [Graphics:Images/InverseMatrixMod_gr_172.gif]].  
 

 Application to Continuous Least Squares Approximation

    The continuous least squares approximation to a function  [image: [Graphics:Images/InverseMatrixMod_gr_179.gif]] on the interval [0,1] for the set of functions  [image: [Graphics:Images/InverseMatrixMod_gr_180.gif]]  can solved by using the normal equations

(1)        [image: [Graphics:Images/InverseMatrixMod_gr_181.gif]]   for   [image: [Graphics:Images/InverseMatrixMod_gr_182.gif]].

Where the inner product is [image: [Graphics:Images/InverseMatrixMod_gr_183.gif]].  Solve the linear system (1) for the coefficients [image: [Graphics:Images/InverseMatrixMod_gr_184.gif]] and construct the approximation function
        
        [image: [Graphics:Images/InverseMatrixMod_gr_185.gif]].

 Definition ( Gram Matrix ).  The Gram matrix G is a matrix of inner products where the elements are  [image: [Graphics:Images/InverseMatrixMod_gr_186.gif]].  
 The case when the set of functions is  [image: [Graphics:Images/InverseMatrixMod_gr_187.gif]]  will produce the Hilbert matrix.  Since we require the computation to be as exact as possible and an exact formula is known for the inverse of the Hilbert matrix, this is an example where an inverse matrix comes in handy.



Cholesky, Doolittle and Crout Factorization

 Background

Definition ( LU-Factorization ).  The nonsingular matrix A has an LU-factorization if it can be expressed as the product of a lower-triangular matrix L and an upper triangular matrix U:  

          [image: [Graphics:Images/CholeskyMod_gr_1.gif]].  

When this is possible we say that A has an LU-decomposition.  It turns out that this factorization (when it exists) is not unique.  If L has 1's on it's diagonal, then it is called a Doolittle factorization.  If U has 1's on its diagonal, then it is called a Crout factorization.  When  [image: [Graphics:Images/CholeskyMod_gr_2.gif]]  (or [image: [Graphics:Images/CholeskyMod_gr_3.gif]]),  it is called a Cholesky decomposition.  

 Theorem (A = LU;  Factorization with NO Pivoting).  Assume thatA has a Doolittle, Crout or Cholesky factorization.  The solution X to the linear system  [image: [Graphics:Images/CholeskyMod_gr_4.gif]], is found in three steps:  

    1.  Construct the matrices  [image: [Graphics:Images/CholeskyMod_gr_5.gif]], if possible.  
    2.  Solve  [image: [Graphics:Images/CholeskyMod_gr_6.gif]]  for  [image: [Graphics:Images/CholeskyMod_gr_7.gif]]  using forward substitution.
    3.  Solve  [image: [Graphics:Images/CholeskyMod_gr_8.gif]]  for  [image: [Graphics:Images/CholeskyMod_gr_9.gif]]  using back substitution.

 Theorem (A = LU;  Doolittle Factorization).  Assume that A has aDoolittle factorization A = LU.  
[image: [Graphics:Images/CholeskyMod_gr_10.gif]] =[image: [Graphics:Images/CholeskyMod_gr_11.gif]][image: [Graphics:Images/CholeskyMod_gr_12.gif]]  

The solution X to the linear system  [image: [Graphics:Images/CholeskyMod_gr_13.gif]], is found in three steps:  
    1.  Construct the matrices  [image: [Graphics:Images/CholeskyMod_gr_14.gif]], if possible.  
    2.  Solve  [image: [Graphics:Images/CholeskyMod_gr_15.gif]]  for  [image: [Graphics:Images/CholeskyMod_gr_16.gif]]  using forward substitution.
    3.  Solve  [image: [Graphics:Images/CholeskyMod_gr_17.gif]]  for  [image: [Graphics:Images/CholeskyMod_gr_18.gif]]  using back substitution.

 For curiosity, the reader might be interested in other methods ofcomputing  L  and  U.

Theorem (A = LU;  Crout Factorization).  Assume that A has a Crout factorization A = LU.  
[image: [Graphics:Images/CholeskyMod_gr_19.gif]] =[image: [Graphics:Images/CholeskyMod_gr_20.gif]][image: [Graphics:Images/CholeskyMod_gr_21.gif]]  

The solution X to the linear system  [image: [Graphics:Images/CholeskyMod_gr_22.gif]], is found in three steps:  
    1.  Construct the matrices  [image: [Graphics:Images/CholeskyMod_gr_23.gif]], if possible.  
    2.  Solve  [image: [Graphics:Images/CholeskyMod_gr_24.gif]]  for  [image: [Graphics:Images/CholeskyMod_gr_25.gif]]  using forward substitution.
    3.  Solve  [image: [Graphics:Images/CholeskyMod_gr_26.gif]]  for  [image: [Graphics:Images/CholeskyMod_gr_27.gif]]  using back substitution.

 Mathematical Subroutine (Doolittle).

[image: [Graphics:Images/CholeskyMod_gr_28.gif]]

Mathematical Subroutine (Crout).

[image: [Graphics:Images/CholeskyMod_gr_29.gif]]

Mathematical Subroutine (Forward Elimination).

[image: [Graphics:Images/CholeskyMod_gr_30.gif]]

Mathematical Subroutine (Back Substitution).

[image: [Graphics:Images/CholeskyMod_gr_31.gif]]

Theorem ( Cholesky Factorization ).  If A is real, symmetric and positive definite matrix, then it has a Cholesky factorization  

          [image: [Graphics:Images/CholeskyMod_gr_32.gif]]        
where U an upper triangular matrix.  

Remark.  Observe that [image: [Graphics:Images/CholeskyMod_gr_33.gif]] is a lower triangular matrix, so that  A= LU.  Hence we could also write Cholesky factorization  

          [image: [Graphics:Images/CholeskyMod_gr_34.gif]]    
where L a lower triangular matrix.  

 Theorem (A = LU;  Cholesky Factorization).  Assume that A has a Cholesky factorization  [image: [Graphics:Images/CholeskyMod_gr_35.gif]],  where  [image: [Graphics:Images/CholeskyMod_gr_36.gif]].
[image: [Graphics:Images/CholeskyMod_gr_37.gif]] =[image: [Graphics:Images/CholeskyMod_gr_38.gif]][image: [Graphics:Images/CholeskyMod_gr_39.gif]]  

Or if you prefer to write the Cholesky factorization as  [image: [Graphics:Images/CholeskyMod_gr_40.gif]],  where [image: [Graphics:Images/CholeskyMod_gr_41.gif]].
[image: [Graphics:Images/CholeskyMod_gr_42.gif]] = [image: [Graphics:Images/CholeskyMod_gr_43.gif]][image: [Graphics:Images/CholeskyMod_gr_44.gif]]  

The solution X to the linear system  [image: [Graphics:Images/CholeskyMod_gr_45.gif]], is found in three steps:  
    1.  Construct the matrices  [image: [Graphics:Images/CholeskyMod_gr_46.gif]], if possible.  
    2.  Solve  [image: [Graphics:Images/CholeskyMod_gr_47.gif]]  for  [image: [Graphics:Images/CholeskyMod_gr_48.gif]]  using forward substitution.
    3.  Solve  [image: [Graphics:Images/CholeskyMod_gr_49.gif]]  for  [image: [Graphics:Images/CholeskyMod_gr_50.gif]]  using back substitution.

 The following Cholesky subroutine can be used when the matrix  A  is real, symmetric and positive definite.
Observe that the loop starting with  For[j=k,j<=n,j++,  is notnecessary and that  U  is computed by forming the transpose of  L.

 

Mathematical Subroutine (Cholesky factorization).

[image: [Graphics:Images/CholeskyMod_gr_51.gif]]

 Application to Polynomial Curve Fitting

Theorem ( Least-Squares Polynomial Curve Fitting ). Given the  [image: [Graphics:Images/CholeskyMod_gr_179.gif]]  data points  [image: [Graphics:Images/CholeskyMod_gr_180.gif]],  the least squares polynomial of degree  m  of the form  

        [image: [Graphics:Images/CholeskyMod_gr_181.gif]]

that fits the n data points is obtained by solving the following linear system


        [image: [Graphics:Images/CholeskyMod_gr_182.gif]][image: [Graphics:Images/CholeskyMod_gr_183.gif]]  

for the m+1 coefficients [image: [Graphics:Images/CholeskyMod_gr_184.gif]].  These equationsare referred to as the "normal equations".

 Application to Continuous Least Squares Approximation

    The continuous least squares approximation to a function  [image: [Graphics:Images/CholeskyMod_gr_233.gif]] on the interval [0,1] for the set of functions  [image: [Graphics:Images/CholeskyMod_gr_234.gif]]  can solved by using the normal equations

(1)        [image: [Graphics:Images/CholeskyMod_gr_235.gif]]   for   [image: [Graphics:Images/CholeskyMod_gr_236.gif]].
Where the inner product is [image: [Graphics:Images/CholeskyMod_gr_237.gif]].  Solve the linear system (1) for the coefficients [image: [Graphics:Images/CholeskyMod_gr_238.gif]] and construct the approximation function
        
        [image: [Graphics:Images/CholeskyMod_gr_239.gif]].

 Definition ( Gram Matrix ).  The Gram matrix G is a matrix of inner products where the elements are  [image: [Graphics:Images/CholeskyMod_gr_240.gif]].  

    The case when the set of functions is  [image: [Graphics:Images/CholeskyMod_gr_241.gif]]  will produce the Hilbert matrix.  Since we require the computation to be as exact as possibleand an exact formula is known for the inverse of the Hilbert matrix, this is an example where an inverse matrix comes in handy.



Jacobi and Gauss-Seidel Iteration

 Background
 Iterative schemes require time to achieve sufficient accuracy and are reserved for large systems of equationswhere there are a majority of zero elements in the matrix. Often times the algorithms are taylor-made to takeadvantage of the special structure such as band matrices.  Practical uses include applications in circuit analysis, boundary value problems and partial differentialequations.
     Iteration is a popular technique finding roots ofequations.  Generalization of fixed point iteration can be applied to systems of linear equations to produce accurateresults.  The method Jacobi iteration is attributed to Carl Jacobi (1804-1851) and Gauss-Seidel iteration is attributed to  Johann Carl Friedrich Gauss (1777-1855) and Philipp Ludwig von Seidel (1821-1896).

  Consider that the n×n square matrix A is split into three parts, the main diagonal D, below diagonal L and above diagonal U.  We have  A = D - L - U.

[image: [Graphics:Images/GaussSeidelMod_gr_1.gif]] =

[image: [Graphics:Images/GaussSeidelMod_gr_2.gif]]-[image: [Graphics:Images/GaussSeidelMod_gr_3.gif]]-[image: [Graphics:Images/GaussSeidelMod_gr_4.gif]]  

 

Definition (Diagonally Dominant).  The matrix  [image: [Graphics:Images/GaussSeidelMod_gr_5.gif]]  is strictly diagonally dominant if

        [image: [Graphics:Images/GaussSeidelMod_gr_6.gif]][image: [Graphics:Images/GaussSeidelMod_gr_7.gif]][image: [Graphics:Images/GaussSeidelMod_gr_8.gif]][image: [Graphics:Images/GaussSeidelMod_gr_9.gif]][image: [Graphics:Images/GaussSeidelMod_gr_10.gif]]   for   [image: [Graphics:Images/GaussSeidelMod_gr_11.gif]].  

 Theorem ( Jacobi Iteration ).  The solution to the linear system  [image: [Graphics:Images/GaussSeidelMod_gr_12.gif]]  can be obtained starting with  [image: [Graphics:Images/GaussSeidelMod_gr_13.gif]], and using iteration scheme
    
        [image: [Graphics:Images/GaussSeidelMod_gr_14.gif]]  
where  

        [image: [Graphics:Images/GaussSeidelMod_gr_15.gif]]  and  [image: [Graphics:Images/GaussSeidelMod_gr_16.gif]].  If  [image: [Graphics:Images/GaussSeidelMod_gr_17.gif]] is carefully chosen a sequence [image: [Graphics:Images/GaussSeidelMod_gr_18.gif]] is generated which converges to the solution  P,  i.e.  [image: [Graphics:Images/GaussSeidelMod_gr_19.gif]].  
A sufficient condition for the method to be applicable is that Ais strictly diagonally dominant or diagonally dominant and irreducible.  

 Theorem ( Gauss-Seidel Iteration ).  The solution to the linear system  [image: [Graphics:Images/GaussSeidelMod_gr_20.gif]]  can be obtained starting with  [image: [Graphics:Images/GaussSeidelMod_gr_21.gif]], and using iteration scheme
    
        [image: [Graphics:Images/GaussSeidelMod_gr_22.gif]]  
where  

        [image: [Graphics:Images/GaussSeidelMod_gr_23.gif]]  and  [image: [Graphics:Images/GaussSeidelMod_gr_24.gif]].  

If  [image: [Graphics:Images/GaussSeidelMod_gr_25.gif]] is carefully chosen a sequence [image: [Graphics:Images/GaussSeidelMod_gr_26.gif]] is generated which converges to the solution  P,  i.e.  [image: [Graphics:Images/GaussSeidelMod_gr_27.gif]].  
A sufficient condition for the method to be applicable is that Ais strictly diagonally dominant or diagonally dominant and irreducible.

 Mathematical Subroutine (Jacobi Iteration).

[image: [Graphics:Images/GaussSeidelMod_gr_28.gif]]

Mathematical Subroutine (Gauss-Seidel Iteration).

[image: [Graphics:Images/GaussSeidelMod_gr_29.gif]]

 







Warning.  
Iteration does not always converge.  A sufficient condition for iteration to Jacobi iteration to converge is that A is strictly diagonally  dominant. The following subroutine will check to see if a matrix is strictly diagonally dominant.  It should be used before any call to Jacobi iteration or Gauss-Seidel iteration is made.  There exists a counter-example for which Jacobi iteration converges and Gauss-Seidel iteration does not converge.  The "true" sufficient condition for Jacobi iteration to converge is that the "spectral radius" of   [image: [Graphics:Images/GaussSeidelMod_gr_221.gif]]  is less than 1, where  [image: [Graphics:Images/GaussSeidelMod_gr_222.gif]] is the diagonal of  [image: [Graphics:Images/GaussSeidelMod_gr_223.gif]].  That is, the magnitude of the largest eigenvalue of Mmust be less than 1.  This condition seems harsh because numerical computation of eigenvalues is an advanced topic compared to solution of a linear system.  

[image: [Graphics:Images/GaussSeidelMod_gr_224.gif]]

 More efficient subroutines
 A tolerance can be supplied to either the Jacobi or Gauss-Seidel method which will permit it to exit the loop if convergence has been achieved.  

 

















Mathematical Subroutine (Jacobi Iteration).

[image: [Graphics:Images/GaussSeidelMod_gr_243.gif]]

Mathematical Subroutine (Gauss-Seidel Iteration).

[image: [Graphics:Images/GaussSeidelMod_gr_244.gif]]

 Subroutines using matrix commands

    In the Jacobi subroutine we can use fix point iteration as suggested by the theory.  





Mathematical Subroutine (Jacobi Iteration).

[image: [Graphics:Images/GaussSeidelMod_gr_296.gif]]







Successive Over Relaxation - SOR Method:

 Background
Suppose that iteration is used to solve the linear system   [image: [Graphics:Images/SORmethodMod_gr_1.gif]], and that  [image: [Graphics:Images/SORmethodMod_gr_2.gif]]  is an approximate solution.  We call  [image: [Graphics:Images/SORmethodMod_gr_3.gif]]  the residual vector, and if  [image: [Graphics:Images/SORmethodMod_gr_4.gif]]  is a good approximation then [image: [Graphics:Images/SORmethodMod_gr_5.gif]].  A method based on reducing the norm of the residual will produce a sequence [image: [Graphics:Images/SORmethodMod_gr_6.gif]] that converges faster.  The successive over relaxation - SOR method introduces a parameter  [image: [Graphics:Images/SORmethodMod_gr_7.gif]] which speeds up convergence.  The SOR method can be used in the numerical solution of certain partial differential equations.  

    Consider that the n×n square matrix A is split into three parts, the main diagonal D, below diagonal L and above diagonal U.  We have  A = D - L - U.

[image: [Graphics:Images/SORmethodMod_gr_8.gif]] =

[image: [Graphics:Images/SORmethodMod_gr_9.gif]]-[image: [Graphics:Images/SORmethodMod_gr_10.gif]]-[image: [Graphics:Images/SORmethodMod_gr_11.gif]]  

 

Definition (Diagonally Dominant).  The matrix  [image: [Graphics:Images/SORmethodMod_gr_12.gif]]  is strictly diagonally dominant if

        [image: [Graphics:Images/SORmethodMod_gr_13.gif]][image: [Graphics:Images/SORmethodMod_gr_14.gif]][image: [Graphics:Images/SORmethodMod_gr_15.gif]][image: [Graphics:Images/SORmethodMod_gr_16.gif]][image: [Graphics:Images/SORmethodMod_gr_17.gif]]   for   [image: [Graphics:Images/SORmethodMod_gr_18.gif]].  

 Theorem ( Jacobi Iteration ).  The solution to the linear system  [image: [Graphics:Images/SORmethodMod_gr_19.gif]]  can be obtained starting with  [image: [Graphics:Images/SORmethodMod_gr_20.gif]], and using iteration scheme
    
        [image: [Graphics:Images/SORmethodMod_gr_21.gif]]  
where  

        [image: [Graphics:Images/SORmethodMod_gr_22.gif]]  and  [image: [Graphics:Images/SORmethodMod_gr_23.gif]].  
If  [image: [Graphics:Images/SORmethodMod_gr_24.gif]] is carefully chosen a sequence [image: [Graphics:Images/SORmethodMod_gr_25.gif]] is generated which converges to the solution  P,  i.e.  [image: [Graphics:Images/SORmethodMod_gr_26.gif]].  
A sufficient condition for the method to be applicable is that A is strictly diagonally dominant or diagonally dominant and irreducible.  

 Theorem ( Gauss-Seidel Iteration ).  The solution to the linear system  [image: [Graphics:Images/SORmethodMod_gr_27.gif]]  can be obtained starting with  [image: [Graphics:Images/SORmethodMod_gr_28.gif]], and using iteration scheme
    
        [image: [Graphics:Images/SORmethodMod_gr_29.gif]]  
where  

        [image: [Graphics:Images/SORmethodMod_gr_30.gif]]  and  [image: [Graphics:Images/SORmethodMod_gr_31.gif]].  
If  [image: [Graphics:Images/SORmethodMod_gr_32.gif]] is carefully chosen a sequence [image: [Graphics:Images/SORmethodMod_gr_33.gif]] is generated which converges to the solution  P,  i.e.  [image: [Graphics:Images/SORmethodMod_gr_34.gif]].  
A sufficient condition for the method to be applicable is that A is strictly diagonally dominant or diagonally dominant and irreducible.

 Theorem ( SOR Iteration ).  Given a value of the parameter  [image: [Graphics:Images/SORmethodMod_gr_35.gif]]  (chosen in the interval [image: [Graphics:Images/SORmethodMod_gr_36.gif]]),  the solution to the linear system  [image: [Graphics:Images/SORmethodMod_gr_37.gif]]  can be obtained starting with  [image: [Graphics:Images/SORmethodMod_gr_38.gif]], and using iteration scheme
    
        [image: [Graphics:Images/SORmethodMod_gr_39.gif]]  
where  

        [image: [Graphics:Images/SORmethodMod_gr_40.gif]]  and  [image: [Graphics:Images/SORmethodMod_gr_41.gif]].  

If  [image: [Graphics:Images/SORmethodMod_gr_42.gif]] is carefully chosen a sequence [image: [Graphics:Images/SORmethodMod_gr_43.gif]] is generated which converges to the solution  P,  i.e.  [image: [Graphics:Images/SORmethodMod_gr_44.gif]].  
Remark.  A theorem of Kahan states that the SOR method will converge only if  [image: [Graphics:Images/SORmethodMod_gr_45.gif]]  is chosen in the interval   [image: [Graphics:Images/SORmethodMod_gr_46.gif]].    

Remark.  When we choose  [image: [Graphics:Images/SORmethodMod_gr_47.gif]]  the SOR method reduces to the Gauss-Seidel method.  

Mathematical Subroutine (Jacobi Iteration).

[image: [Graphics:Images/SORmethodMod_gr_48.gif]]











Mathematical Subroutine (Gauss-Seidel Iteration).

[image: [Graphics:Images/SORmethodMod_gr_49.gif]]

Mathematical  Subroutine (Successive Over Relaxation).

[image: [Graphics:Images/SORmethodMod_gr_50.gif]]

Pivoting Methods:

 Background
In the Gauss-Jordan module we saw an algorithm for solving a general linear system of equations [image: [Graphics:Images/PivotingMod_gr_1.gif]] consisting of nequations and n unknowns where it is assumed that the system has a unique solution.  The method is attributed

Johann Carl Friedrich Gauss (1777-1855) and

Wilhelm Jordan (1842 to 1899).  The following theorem states the sufficient conditions for the existence and uniqueness of solutions of a linear system [image: [Graphics:Images/PivotingMod_gr_2.gif]].  Theorem ( Unique Solutions ) Assume that [image: [Graphics:Images/PivotingMod_gr_3.gif]] is an [image: [Graphics:Images/PivotingMod_gr_4.gif]]matrix.  The following statements are equivalent.

     (i) Given any [image: [Graphics:Images/PivotingMod_gr_5.gif]] matrix [image: [Graphics:Images/PivotingMod_gr_6.gif]], the linear system [image: [Graphics:Images/PivotingMod_gr_7.gif]]has a unique solution.
     (ii) The matrix [image: [Graphics:Images/PivotingMod_gr_8.gif]] is

nonsingular (i.e., [image: [Graphics:Images/PivotingMod_gr_9.gif]] exists).
(iii) The system of equations [image: [Graphics:Images/PivotingMod_gr_10.gif]] has the unique solution [image: [Graphics:Images/PivotingMod_gr_11.gif]].  
 (iv) The determinant of [image: [Graphics:Images/PivotingMod_gr_12.gif]] is nonzero, i.e. [image: [Graphics:Images/PivotingMod_gr_13.gif]].  

    It is convenient to store all the coefficients of the linear system [image: [Graphics:Images/PivotingMod_gr_14.gif]] in one array of dimension [image: [Graphics:Images/PivotingMod_gr_15.gif]].  The coefficients of [image: [Graphics:Images/PivotingMod_gr_16.gif]] are stored in column [image: [Graphics:Images/PivotingMod_gr_17.gif]] of the array (i.e. [image: [Graphics:Images/PivotingMod_gr_18.gif]]).  Row [image: [Graphics:Images/PivotingMod_gr_19.gif]] contains all the coefficients necessary torepresent the [image: [Graphics:Images/PivotingMod_gr_20.gif]] equation in the linear system. The augmented matrix is denoted [image: [Graphics:Images/PivotingMod_gr_21.gif]] and the linear system is represented as follows:

         [image: [Graphics:Images/PivotingMod_gr_22.gif]][image: [Graphics:Images/PivotingMod_gr_23.gif]]  

    The system [image: [Graphics:Images/PivotingMod_gr_24.gif]], with augmented matrix [image: [Graphics:Images/PivotingMod_gr_25.gif]], can be solved by performing row operations on [image: [Graphics:Images/PivotingMod_gr_26.gif]].  The variables  are placeholders for the coefficients and cam be omitted until the end of the computation.

Theorem (Elementary Row Operations ). The following operations applied to the augmented matrix [image: [Graphics:Images/PivotingMod_gr_27.gif]] yield an equivalent linear system.

     (i) Interchanges:    The order of two rows can be interchanged.  
     

    (ii)Scaling:              Multiplying a row by a nonzero constant.
    

   (iii) Replacement:    Row r can be replaced by the sum of that tow and a nonzero multiple of any other row;
                                     that is:  [image: [Graphics:Images/PivotingMod_gr_28.gif]].      
 It is common practice to implement

(iii) by replacing a row with the difference of that row and a multiple of another row.  

 Definition ( Pivot Element ). The number [image: [Graphics:Images/PivotingMod_gr_29.gif]] in the coefficient matrix [image: [Graphics:Images/PivotingMod_gr_30.gif]] that is used to eliminate [image: [Graphics:Images/PivotingMod_gr_31.gif]] where [image: [Graphics:Images/PivotingMod_gr_32.gif]], is called the [image: [Graphics:Images/PivotingMod_gr_33.gif]] pivot element, and the [image: [Graphics:Images/PivotingMod_gr_34.gif]] row is called the pivot row.      

Theorem ( Gaussian Elimination with Back Substitution ). Assume that [image: [Graphics:Images/PivotingMod_gr_35.gif]] is an [image: [Graphics:Images/PivotingMod_gr_36.gif]] nonsingular matrix. There exists a unique system [image: [Graphics:Images/PivotingMod_gr_37.gif]] that is equivalent to the given system [image: [Graphics:Images/PivotingMod_gr_38.gif]], where [image: [Graphics:Images/PivotingMod_gr_39.gif]] is an upper-triangular matrix with [image: [Graphics:Images/PivotingMod_gr_40.gif]] for [image: [Graphics:Images/PivotingMod_gr_41.gif]].  After  [image: [Graphics:Images/PivotingMod_gr_42.gif]] are constructed, back substitution can be used to solve [image: [Graphics:Images/PivotingMod_gr_43.gif]] for [image: [Graphics:Images/PivotingMod_gr_44.gif]].  ng

 Pivoting Strategies
There are numerous pivoting strategies discussed in theliterature.  We mention only a few to give an indication of the possibilities.

(i)  No Pivoting.  No pivoting means no row interchanges.  It can be done only if Gaussian elimination never run into zeros on the diagonal.  Since division by zero is a fatal error we usually avoid this pivoting strategy.

Pivoting to Avoid

[image: [Graphics:Images/PivotingMod_gr_45.gif]]
 If  [image: [Graphics:Images/PivotingMod_gr_46.gif]],  then row p cannot be used to eliminate the elements in column p below the main diagonal.  It isnecessary to find row k, where [image: [Graphics:Images/PivotingMod_gr_47.gif]] and k > p, and then interchange row p and row k so that a nonzero pivot element is obtained.  This process is called pivoting, and the criterion for deciding which row to choose is called a pivoting strategy.  The first idea that comes to mind is the following one.

(ii) Trivial Pivoting.  The trivial pivoting strategy is as follows.  If  [image: [Graphics:Images/PivotingMod_gr_48.gif]],  do not switch rows.  If  [image: [Graphics:Images/PivotingMod_gr_49.gif]],  locate the first row below p in which  [image: [Graphics:Images/PivotingMod_gr_50.gif]] and then switch rows k and p.  This will result in a new element  [image: [Graphics:Images/PivotingMod_gr_51.gif]],  which is a nonzero pivot element.

Pivoting to Reduce Error
Because the computer uses fixed-precision arithmetic, it is possible that a small error will be introduced each time that an arithmetic operation is performed. The following example illustrates how use of the trivial pivoting strategy in Gaussian elimination can lead to significant error in the solution of a linear system of equations.

(iii) Partial Pivoting.  The partial pivoting strategy is as follows.  If  [image: [Graphics:Images/PivotingMod_gr_52.gif]],  do not switch rows.  If  [image: [Graphics:Images/PivotingMod_gr_53.gif]],  locate row u below p in which  [image: [Graphics:Images/PivotingMod_gr_54.gif]]  and [image: [Graphics:Images/PivotingMod_gr_55.gif]] and then switch rows u and p.  This will result in a new element  [image: [Graphics:Images/PivotingMod_gr_56.gif]],  which is a nonzero pivot element.        
Remark. Only row permutations are permitted. The strategy is to switch the largest entry in the pivot column to the diagonal.

(iv) Scaled Partial Pivoting.  At the start of the procedurewe compute scale factors for each row of the matrix [image: [Graphics:Images/PivotingMod_gr_57.gif]] as follows:
        [image: [Graphics:Images/PivotingMod_gr_58.gif]]   for  [image: [Graphics:Images/PivotingMod_gr_59.gif]].  
The scale factors are interchanged with their corresponding row in the elimination steps.  The scaled partial pivoting strategy is as follows.  If  [image: [Graphics:Images/PivotingMod_gr_60.gif]],  do not switch rows.  If  [image: [Graphics:Images/PivotingMod_gr_61.gif]],  locate row u below p in which  [image: [Graphics:Images/PivotingMod_gr_62.gif]]  and [image: [Graphics:Images/PivotingMod_gr_63.gif]] and then switch rows u and p.  This will result in a new element  [image: [Graphics:Images/PivotingMod_gr_64.gif]],  which is a nonzero pivot element.   
Remark. Only row permutations are permitted. The strategy is to switch the largest scaled entry in the pivot column to the diagonal.

(v) Total Pivoting.  The total pivoting strategy is as follows.  If  [image: [Graphics:Images/PivotingMod_gr_65.gif]],  do not switch rows.  If  [image: [Graphics:Images/PivotingMod_gr_66.gif]],  locate row u below p and column v to the right of p in which  [image: [Graphics:Images/PivotingMod_gr_67.gif]]  and [image: [Graphics:Images/PivotingMod_gr_68.gif]] and then: first switch rows u and p and second switch column v and p.   This will result in a new element  [image: [Graphics:Images/PivotingMod_gr_69.gif]],  which is a nonzero pivot element.  This is also called "complete pivoting" or "maximal pivoting."
Remark. Both row and column permutations are permitted. The strategy is to switch the largest entry in the part of the matrix that we have not yet processed to the diagonal.



Kirchoff's Law:

Background
Solution of linear systems can be applied to resistornet work circuits.  Kirchoff's voltage law says that the sum of the voltage drops around any closed loop in the network must equal zero.  A closed loop has the obvious definition: starting at a node, trace a path through the circuit that returns you to the original starting node.

Network #1

    Consider the network consisting of six resistors and two battery, shown in the figure below.   
            

[image: [Graphics:Images/KirchoffMod_gr_1.gif]]

There are two closed loops. When Kirchoff's voltage law is applied, we obtain the following linear system of equations.  

[image: [Graphics:Images/KirchoffMod_gr_2.gif]]

 Network #2

    Consider the network consisting of nine resistors and one battery, shown in the figure below.
                

[image: [Graphics:Images/KirchoffMod_gr_49.gif]]

There are three loops.  When Kirchoff's voltage law is applied, we obtain the following linear system of equations.  

[image: [Graphics:Images/KirchoffMod_gr_50.gif]]

Network #3

    Consider the network consisting of six resistors and two batteries, shown in the figure below.
                

[image: [Graphics:Images/KirchoffMod_gr_107.gif]]

There are three loops.  When Kirchoff's voltage law is applied, we obtain the following linear system of equations.  

[image: [Graphics:Images/KirchoffMod_gr_108.gif]]

 

Interpolation and Polynomial Approximation:

Lagrange Polynomials:

 Background.

 We have seen how to expand a function  [image: [Graphics:Images/LagrangePolyMod_gr_1.gif]] in a Maclaurin polynomial about [image: [Graphics:Images/LagrangePolyMod_gr_2.gif]] involving the powers [image: [Graphics:Images/LagrangePolyMod_gr_3.gif]]and a Taylor polynomial about [image: [Graphics:Images/LagrangePolyMod_gr_4.gif]] involving the powers [image: [Graphics:Images/LagrangePolyMod_gr_5.gif]].  The Lagrange polynomial of degree [image: [Graphics:Images/LagrangePolyMod_gr_6.gif]] passes through the [image: [Graphics:Images/LagrangePolyMod_gr_7.gif]] points  [image: [Graphics:Images/LagrangePolyMod_gr_8.gif]]  for  [image: [Graphics:Images/LagrangePolyMod_gr_9.gif]]  and were investigated by the mathematician Joseph-Louis Lagrange (1736-1813).   

Theorem ( Lagrange Polynomial ).  Assume that  [image: [Graphics:Images/LagrangePolyMod_gr_10.gif]] and  [image: [Graphics:Images/LagrangePolyMod_gr_11.gif]] for  [image: [Graphics:Images/LagrangePolyMod_gr_12.gif]]  are distinct  values.  Then

    [image: [Graphics:Images/LagrangePolyMod_gr_13.gif]],
    

where [image: [Graphics:Images/LagrangePolyMod_gr_14.gif]] is a polynomial that can be used toapproximate  [image: [Graphics:Images/LagrangePolyMod_gr_15.gif]],

    [image: [Graphics:Images/LagrangePolyMod_gr_16.gif]]  
and we write  

    [image: [Graphics:Images/LagrangePolyMod_gr_17.gif]].
The Lagrange polynomial goes through the [image: [Graphics:Images/LagrangePolyMod_gr_18.gif]] points  [image: [Graphics:Images/LagrangePolyMod_gr_19.gif]],  i.e.

    [image: [Graphics:Images/LagrangePolyMod_gr_20.gif]]    for   [image: [Graphics:Images/LagrangePolyMod_gr_21.gif]].  

The remainder term  [image: [Graphics:Images/LagrangePolyMod_gr_22.gif]] has the form

    [image: [Graphics:Images/LagrangePolyMod_gr_23.gif]],

for some value [image: [Graphics:Images/LagrangePolyMod_gr_24.gif]] that lies in the interval [image: [Graphics:Images/LagrangePolyMod_gr_25.gif]].  

The cubic curve in the figure below illustrates a Lagrange polynomial of degree n = 3, which passes through the four points [image: [Graphics:Images/LagrangePolyMod_gr_26.gif]] for  [image: [Graphics:Images/LagrangePolyMod_gr_27.gif]].  
    

[image: [Graphics:Images/LagrangePolyMod_gr_28.gif]]

[image: [Graphics:Images/LagrangePolyMod_gr_29.gif]][image: [Graphics:Images/LagrangePolyMod_gr_30.gif]] [image: [Graphics:Images/LagrangePolyMod_gr_31.gif]]

Theorem.  (Error Bounds for Lagrange Interpolation, Equally Spaced Nodes)  Assume that  [image: [Graphics:Images/LagrangePolyMod_gr_32.gif]]  defined on [image: [Graphics:Images/LagrangePolyMod_gr_33.gif]],  which contains the equally spaced nodes  [image: [Graphics:Images/LagrangePolyMod_gr_34.gif]].  Additionally, assume that    [image: [Graphics:Images/LagrangePolyMod_gr_35.gif]]  and the derivatives of  [image: [Graphics:Images/LagrangePolyMod_gr_36.gif]]  up to the order  [image: [Graphics:Images/LagrangePolyMod_gr_37.gif]]  are continuous and bounded on the special subintervals  [image: [Graphics:Images/LagrangePolyMod_gr_38.gif]], [image: [Graphics:Images/LagrangePolyMod_gr_39.gif]], [image: [Graphics:Images/LagrangePolyMod_gr_40.gif]], [image: [Graphics:Images/LagrangePolyMod_gr_41.gif]], and [image: [Graphics:Images/LagrangePolyMod_gr_42.gif]], respectively;  that is,

    [image: [Graphics:Images/LagrangePolyMod_gr_43.gif]],  

for  [image: [Graphics:Images/LagrangePolyMod_gr_44.gif]].  The error terms corresponding to these three cases have the following useful bounds on their magnitude  

(i).    [image: [Graphics:Images/LagrangePolyMod_gr_45.gif]][image: [Graphics:Images/LagrangePolyMod_gr_46.gif]]   is valid for  [image: [Graphics:Images/LagrangePolyMod_gr_47.gif]],  

(ii).    [image: [Graphics:Images/LagrangePolyMod_gr_48.gif]][image: [Graphics:Images/LagrangePolyMod_gr_49.gif]]   is valid for  [image: [Graphics:Images/LagrangePolyMod_gr_50.gif]],  

(iii).    [image: [Graphics:Images/LagrangePolyMod_gr_51.gif]][image: [Graphics:Images/LagrangePolyMod_gr_52.gif]]   is valid for  [image: [Graphics:Images/LagrangePolyMod_gr_53.gif]],  

(iv).    [image: [Graphics:Images/LagrangePolyMod_gr_54.gif]][image: [Graphics:Images/LagrangePolyMod_gr_55.gif]]   is valid for  [image: [Graphics:Images/LagrangePolyMod_gr_56.gif]],  

(v).    [image: [Graphics:Images/LagrangePolyMod_gr_57.gif]][image: [Graphics:Images/LagrangePolyMod_gr_58.gif]]   is valid for  [image: [Graphics:Images/LagrangePolyMod_gr_59.gif]].  

Algorithm ( Lagrange Polynomial ).  To construct the Lagrange polynomial  

    [image: [Graphics:Images/LagrangePolyMod_gr_60.gif]]  
    
of degree [image: [Graphics:Images/LagrangePolyMod_gr_61.gif]],  based on the [image: [Graphics:Images/LagrangePolyMod_gr_62.gif]] points [image: [Graphics:Images/LagrangePolyMod_gr_63.gif]] for  [image: [Graphics:Images/LagrangePolyMod_gr_64.gif]].  The Lagrange coefficient polynomials  [image: [Graphics:Images/LagrangePolyMod_gr_65.gif]]  for degree [image: [Graphics:Images/LagrangePolyMod_gr_66.gif]] are:  

    [image: [Graphics:Images/LagrangePolyMod_gr_67.gif]]  for  [image: [Graphics:Images/LagrangePolyMod_gr_68.gif]].

 You can use the first MathematicaL subroutine that does things in the "traditional way" or you are welcome to use the second subroutine that illustrates  "Object Oriented Programming."  

Mathematica Subroutine (Lagrange Polynomial).Traditional programming.

[image: [Graphics:Images/LagrangePolyMod_gr_69.gif]]

The above algorithm is sufficient for understanding and/orconstructing the Lagrange polynomial.  

Object Oriented Programming.  Welcome to the brave new world of "Object Oriented Programming."  Use the following Mathematica subroutine which is "programmed" using the "mathematical objects"  [image: [Graphics:Images/LagrangePolyMod_gr_70.gif]].  Templates for the objects are located by going to "File" then select "Palettes", then select "BasicInput."  

Mathematical Subroutine (Lagrange Polynomial).Object oriented programming.

[image: [Graphics:Images/LagrangePolyMod_gr_71.gif]]

Mathematical Subroutine (Lagrange Polynomial).Compact object oriented programming.

[image: [Graphics:Images/LagrangePolyMod_gr_72.gif]]



The Newton Polynomial:

Background.

 We have seen how to expand a function  [image: [Graphics:Images/NewtonPolyMod_gr_1.gif]] in a Maclaurin polynomial about [image: [Graphics:Images/NewtonPolyMod_gr_2.gif]] involving the powers [image: [Graphics:Images/NewtonPolyMod_gr_3.gif]] and a Taylor polynomial about [image: [Graphics:Images/NewtonPolyMod_gr_4.gif]] involving the powers [image: [Graphics:Images/NewtonPolyMod_gr_5.gif]].  
These polynomials have a single "center" [image: [Graphics:Images/NewtonPolyMod_gr_6.gif]].  Polynomial interpolation can be used to construct the polynomial of  degree  [image: [Graphics:Images/NewtonPolyMod_gr_7.gif]]  that passes through the n+1 points  [image: [Graphics:Images/NewtonPolyMod_gr_8.gif]],  for  [image: [Graphics:Images/NewtonPolyMod_gr_9.gif]].  If multiple "centers"    [image: [Graphics:Images/NewtonPolyMod_gr_10.gif]]  are used, then the result is the so called Newton polynomial.  We attribute much of the founding theory to Sir Isaac Newton (1643-1727).

 Theorem ( Newton Polynomial ).  Assume that  [image: [Graphics:Images/NewtonPolyMod_gr_11.gif]]and  [image: [Graphics:Images/NewtonPolyMod_gr_12.gif]] for  [image: [Graphics:Images/NewtonPolyMod_gr_13.gif]]  are distinct  values.  Then

    [image: [Graphics:Images/NewtonPolyMod_gr_14.gif]],
    
where [image: [Graphics:Images/NewtonPolyMod_gr_15.gif]] is a polynomial that can be used to approximate  [image: [Graphics:Images/NewtonPolyMod_gr_16.gif]],

    [image: [Graphics:Images/NewtonPolyMod_gr_17.gif]]  
and we write  

    [image: [Graphics:Images/NewtonPolyMod_gr_18.gif]].

The Newton polynomial goes through the [image: [Graphics:Images/NewtonPolyMod_gr_19.gif]] points  [image: [Graphics:Images/NewtonPolyMod_gr_20.gif]],  i.e.

    [image: [Graphics:Images/NewtonPolyMod_gr_21.gif]]    for   [image: [Graphics:Images/NewtonPolyMod_gr_22.gif]].  

The remainder term  [image: [Graphics:Images/NewtonPolyMod_gr_23.gif]] has the form

    [image: [Graphics:Images/NewtonPolyMod_gr_24.gif]],

for some value [image: [Graphics:Images/NewtonPolyMod_gr_25.gif]] that lies in the interval [image: [Graphics:Images/NewtonPolyMod_gr_26.gif]].  The coefficients  [image: [Graphics:Images/NewtonPolyMod_gr_27.gif]]  are constructed using divided differences.

 Definition. Divided Differences.

The divided differences for a function [image: [Graphics:Images/NewtonPolyMod_gr_28.gif]] are defined as follows:

    [image: [Graphics:Images/NewtonPolyMod_gr_29.gif]]  

The divided difference formulae are used to construct the divided difference table:

[image: [Graphics:Images/NewtonPolyMod_gr_30.gif]] [image: [Graphics:Images/NewtonPolyMod_gr_31.gif]] [image: [Graphics:Images/NewtonPolyMod_gr_42.gif]] [image: [Graphics:Images/NewtonPolyMod_gr_43.gif]] [image: [Graphics:Images/NewtonPolyMod_gr_51.gif]][image: [Graphics:Images/NewtonPolyMod_gr_52.gif]] [image: [Graphics:Images/NewtonPolyMod_gr_32.gif]] [image: [Graphics:Images/NewtonPolyMod_gr_33.gif]] [image: [Graphics:Images/NewtonPolyMod_gr_34.gif]] [image: [Graphics:Images/NewtonPolyMod_gr_35.gif]] [image: [Graphics:Images/NewtonPolyMod_gr_36.gif]] [image: [Graphics:Images/NewtonPolyMod_gr_37.gif]] [image: [Graphics:Images/NewtonPolyMod_gr_38.gif]][image: [Graphics:Images/NewtonPolyMod_gr_39.gif]] [image: [Graphics:Images/NewtonPolyMod_gr_40.gif]] [image: [Graphics:Images/NewtonPolyMod_gr_41.gif]] [image: [Graphics:Images/NewtonPolyMod_gr_44.gif]] [image: [Graphics:Images/NewtonPolyMod_gr_45.gif]] [image: [Graphics:Images/NewtonPolyMod_gr_46.gif]] [image: [Graphics:Images/NewtonPolyMod_gr_47.gif]]
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		[image: [Graphics:Images/NewtonPolyMod_gr_55.gif]]





 





The coefficient [image: [Graphics:Images/NewtonPolyMod_gr_56.gif]] of the Newton polynomial  [image: [Graphics:Images/NewtonPolyMod_gr_57.gif]] is  [image: [Graphics:Images/NewtonPolyMod_gr_58.gif]]  and it is the top element in the column of the i-th divided differences. 

The Newton polynomial of  degree  [image: [Graphics:Images/NewtonPolyMod_gr_59.gif]]  that passes through the  [image: [Graphics:Images/NewtonPolyMod_gr_60.gif]] points  [image: [Graphics:Images/NewtonPolyMod_gr_61.gif]],  for  [image: [Graphics:Images/NewtonPolyMod_gr_62.gif]]  is  

    [image: [Graphics:Images/NewtonPolyMod_gr_63.gif]]

 

    The cubic curve in the figure below illustrates a Newton polynomial of degree n = 3.  
    
    

[image: [Graphics:Images/NewtonPolyMod_gr_64.gif]]

[image: [Graphics:Images/NewtonPolyMod_gr_65.gif]][image: [Graphics:Images/NewtonPolyMod_gr_66.gif]][image: [Graphics:Images/NewtonPolyMod_gr_67.gif]] [image: [Graphics:Images/NewtonPolyMod_gr_68.gif]][image: [Graphics:Images/NewtonPolyMod_gr_69.gif]] [image: [Graphics:Images/NewtonPolyMod_gr_70.gif]][image: [Graphics:Images/NewtonPolyMod_gr_71.gif]] [image: [Graphics:Images/NewtonPolyMod_gr_72.gif]]

Theorem.  (Error Bounds for Newton Interpolation, Equally Spaced Nodes)  Assume that  [image: [Graphics:Images/NewtonPolyMod_gr_73.gif]]  defined on [image: [Graphics:Images/NewtonPolyMod_gr_74.gif]],  which contains the equally spaced nodes  [image: [Graphics:Images/NewtonPolyMod_gr_75.gif]].  Additionally, assume that    [image: [Graphics:Images/NewtonPolyMod_gr_76.gif]]  and the derivatives of  [image: [Graphics:Images/NewtonPolyMod_gr_77.gif]]  up to the order  [image: [Graphics:Images/NewtonPolyMod_gr_78.gif]] arecontinuous and bounded on the special subintervals  [image: [Graphics:Images/NewtonPolyMod_gr_79.gif]], [image: [Graphics:Images/NewtonPolyMod_gr_80.gif]], [image: [Graphics:Images/NewtonPolyMod_gr_81.gif]], [image: [Graphics:Images/NewtonPolyMod_gr_82.gif]], and [image: [Graphics:Images/NewtonPolyMod_gr_83.gif]], respectively;  that is,

    [image: [Graphics:Images/NewtonPolyMod_gr_84.gif]],  

for  [image: [Graphics:Images/NewtonPolyMod_gr_85.gif]].  The error terms corresponding to these three cases have the following useful bounds on their magnitude  

(i).    [image: [Graphics:Images/NewtonPolyMod_gr_86.gif]][image: [Graphics:Images/NewtonPolyMod_gr_87.gif]]   is valid for  [image: [Graphics:Images/NewtonPolyMod_gr_88.gif]],  

(ii).    [image: [Graphics:Images/NewtonPolyMod_gr_89.gif]][image: [Graphics:Images/NewtonPolyMod_gr_90.gif]]   is valid for  [image: [Graphics:Images/NewtonPolyMod_gr_91.gif]],  

(iii).    [image: [Graphics:Images/NewtonPolyMod_gr_92.gif]][image: [Graphics:Images/NewtonPolyMod_gr_93.gif]]   is valid for  [image: [Graphics:Images/NewtonPolyMod_gr_94.gif]],  

(iv).    [image: [Graphics:Images/NewtonPolyMod_gr_95.gif]][image: [Graphics:Images/NewtonPolyMod_gr_96.gif]]   is valid for  [image: [Graphics:Images/NewtonPolyMod_gr_97.gif]],  

(v).    [image: [Graphics:Images/NewtonPolyMod_gr_98.gif]][image: [Graphics:Images/NewtonPolyMod_gr_99.gif]]   is valid for  [image: [Graphics:Images/NewtonPolyMod_gr_100.gif]].  

 Algorithm ( Newton Interpolation Polynomial ).   To constructand evaluate the Newton polynomial of  degree  [image: [Graphics:Images/NewtonPolyMod_gr_101.gif]]  that passes through the n+1 points  [image: [Graphics:Images/NewtonPolyMod_gr_102.gif]],  for  [image: [Graphics:Images/NewtonPolyMod_gr_103.gif]]     

    [image: [Graphics:Images/NewtonPolyMod_gr_104.gif]]  

where  
    [image: [Graphics:Images/NewtonPolyMod_gr_105.gif]]  
and  
    [image: [Graphics:Images/NewtonPolyMod_gr_106.gif]]  

Remark 1.  Newton polynomials are created "recursively."

    [image: [Graphics:Images/NewtonPolyMod_gr_107.gif]].

Remark 2.  Mathematica's arrays are lists and the subscripts must start with  1  instead of  0.

 

Mathematical Subroutine (Newton Polynomial).

[image: [Graphics:Images/NewtonPolyMod_gr_108.gif]]



Hermite Polynomial Interpolation:

Background for the Hermite Polynomial

 The cubic Hermite polynomial  p(x)  has the interpolative properties  [image: [Graphics:Images/HermitePolyMod_gr_1.gif]]   [image: [Graphics:Images/HermitePolyMod_gr_2.gif]]   [image: [Graphics:Images/HermitePolyMod_gr_3.gif]]  and  [image: [Graphics:Images/HermitePolyMod_gr_4.gif]]  both the function values and their derivativesare known at the endpoints of the interval  [image: [Graphics:Images/HermitePolyMod_gr_5.gif]].  Hermite polynomials were studied by the FrenchMathematician Charles Hermite (1822-1901), and are referred to as a "clamped cubic," where "clamped" refers to the slope at the endpoints being fixed.  This situation isillustrated in the figure below.  

[image: [Graphics:Images/HermitePolyMod_gr_6.gif]]

 

Theorem (Cubic Hermite Polynomial).  If  [image: [Graphics:Images/HermitePolyMod_gr_7.gif]]  is continuous on the interval  [image: [Graphics:Images/HermitePolyMod_gr_8.gif]], there exists a unique cubic polynomial  [image: [Graphics:Images/HermitePolyMod_gr_9.gif]]  such that
        [image: [Graphics:Images/HermitePolyMod_gr_10.gif]],
        [image: [Graphics:Images/HermitePolyMod_gr_11.gif]],
        [image: [Graphics:Images/HermitePolyMod_gr_12.gif]],  
        [image: [Graphics:Images/HermitePolyMod_gr_13.gif]].

 Remark.  The cubic Hermite polynomial is a generalization of both the Taylor polynomial and Lagrange polynomial, and it is referred to as an "osculating polynomial."  Hermite polynomials can be generalized to higher degrees by requiring that the use of more nodes  [image: [Graphics:Images/HermitePolyMod_gr_14.gif]] and the extension to agreement at higher derivatives  [image: [Graphics:Images/HermitePolyMod_gr_15.gif]]  for  [image: [Graphics:Images/HermitePolyMod_gr_16.gif]]  and    [image: [Graphics:Images/HermitePolyMod_gr_17.gif]].  The details are found in advanced texts on numerical analysis    

 More Background. The Clamped Cubic Spline

  A clamped cubic spline is obtained by forming a piecewise cubic function which passes through the given set of knots [image: [Graphics:Images/HermitePolyMod_gr_35.gif]]  with the condition the function values, their derivatives and second derivatives ofadjacent cubics agree at the interior nodes.  The endpoint conditions are [image: [Graphics:Images/HermitePolyMod_gr_36.gif]], where [image: [Graphics:Images/HermitePolyMod_gr_37.gif]]  are given.

 More Background. The Natural Cubic Spline

 A natural cubic spline is obtained by forming a piecewise cubic function which passes through the given set of knots [image: [Graphics:Images/HermitePolyMod_gr_75.gif]] with the condition the function values, their derivatives and second derivatives ofadjacent cubics agree at the interior nodes.  The endpoint conditions are  [image: [Graphics:Images/HermitePolyMod_gr_76.gif]]. The natural cubic spline is said to be "a relaxed curve."



Cubic Splines:

Cubic Spline Interpolant

Definition (Cubic Spline).  Suppose that  [image: [Graphics:Images/CubicSplinesMod_gr_1.gif]]  are  n+1  points, where  [image: [Graphics:Images/CubicSplinesMod_gr_2.gif]].  The function  [image: [Graphics:Images/CubicSplinesMod_gr_3.gif]]  is called a 

cubic spline if there exists  n  cubic polynomials  [image: [Graphics:Images/CubicSplinesMod_gr_4.gif]]  with coefficients  [image: [Graphics:Images/CubicSplinesMod_gr_5.gif]]  that satisfy the properties:



I.      [image: [Graphics:Images/CubicSplinesMod_gr_6.gif]][image: [Graphics:Images/CubicSplinesMod_gr_7.gif]]  
    for  [image: [Graphics:Images/CubicSplinesMod_gr_8.gif]].  

II.      [image: [Graphics:Images/CubicSplinesMod_gr_9.gif]]  for  [image: [Graphics:Images/CubicSplinesMod_gr_10.gif]].  
    The spline passes through each data point.

III.      [image: [Graphics:Images/CubicSplinesMod_gr_11.gif]]  for  [image: [Graphics:Images/CubicSplinesMod_gr_12.gif]]. 
    The spline forms a continuous function over [a,b].

IV.      [image: [Graphics:Images/CubicSplinesMod_gr_13.gif]]  for  [image: [Graphics:Images/CubicSplinesMod_gr_14.gif]]. 
    The spline forms a smooth function.

IV.      [image: [Graphics:Images/CubicSplinesMod_gr_15.gif]]  for  [image: [Graphics:Images/CubicSplinesMod_gr_16.gif]]. 
    The second derivative is continuous.

 Lemma (Natural Spline).  There exists a unique cubic spline with the free boundary conditions  [image: [Graphics:Images/CubicSplinesMod_gr_17.gif]]  and  [image: [Graphics:Images/CubicSplinesMod_gr_18.gif]].

 Remark.  The natural spline is the curve obtained by forcing a flexible elastic rod through the points but letting the slope at the ends be free to equilibrate to the position that minimizes the oscillatory behavior of the curve.  It is useful for fitting a curve to experimental data that is significant to several significant digits.  

 Program (Natural Cubic Spline).  To construct and evaluate the cubic spline interpolant [image: [Graphics:Images/CubicSplinesMod_gr_19.gif]] for the  [image: [Graphics:Images/CubicSplinesMod_gr_20.gif]] data points  [image: [Graphics:Images/CubicSplinesMod_gr_21.gif]],  using the freeboundary conditions  [image: [Graphics:Images/CubicSplinesMod_gr_22.gif]]  and  [image: [Graphics:Images/CubicSplinesMod_gr_23.gif]].

Mathematical Subroutine (Natural Cubic Spline).

[image: [Graphics:Images/CubicSplinesMod_gr_24.gif]]

 

Remark.  There are five popular types of splines: natural spline, clamped spline, extrapolated spline, parabolically terminated spline, endpoint curvature adjusted spline.
When Mathematica constructs a cubic spline it uses the "natural cubic spline."  

 Clamped Spline.  

 Lemma (Clamped Spline).  There exists a unique cubic spline with the first derivative boundary conditions  [image: [Graphics:Images/CubicSplinesMod_gr_38.gif]]  and  [image: [Graphics:Images/CubicSplinesMod_gr_39.gif]].

 A property of clamped cubic splines.
 A practical feature of splines is the minimum of the oscillatory behavior they possess.  Consequently, among all functions f(x) which are twice continuously differentiable on [a,b] and interpolate a given set data points[image: [Graphics:Images/CubicSplinesMod_gr_40.gif]] , the cubic spline has "less wiggle."  The next result explains this phenomenon.

Theorem (Minimum property of clamped cubic splines).  Assume that  [image: [Graphics:Images/CubicSplinesMod_gr_41.gif]]  and  [image: [Graphics:Images/CubicSplinesMod_gr_42.gif]]  is the unique clamped cubic spline interpolant for  [image: [Graphics:Images/CubicSplinesMod_gr_43.gif]] which passes through [image: [Graphics:Images/CubicSplinesMod_gr_44.gif]] and satisfies the clamped end conditions  [image: [Graphics:Images/CubicSplinesMod_gr_45.gif]]  and  [image: [Graphics:Images/CubicSplinesMod_gr_46.gif]].   Then

        [image: [Graphics:Images/CubicSplinesMod_gr_47.gif]][image: [Graphics:Images/CubicSplinesMod_gr_48.gif]].  

 Program (Clamped Cubic Spline).  To construct and evaluate the cubic spline interpolant  S(x)  for the  n+1  data points  [image: [Graphics:Images/CubicSplinesMod_gr_49.gif]],  using thefirst derivative boundary conditions  [image: [Graphics:Images/CubicSplinesMod_gr_50.gif]]  and  [image: [Graphics:Images/CubicSplinesMod_gr_51.gif]].



Curve Fitting:

Least Squares Lines:

Background
The formulas for linear least squares fitting were independently derived by German mathematician Johann Carl Friedrich Gauss  (1777-1855) and the French mathematician Adrien-Marie Legendre  (1752-1833).

 

Theorem (Least Squares Line Fitting ). Given the  [image: [Graphics:Images/LeastSqLineMod_gr_1.gif]]  data points  [image: [Graphics:Images/LeastSqLineMod_gr_2.gif]],  the least squares line  [image: [Graphics:Images/LeastSqLineMod_gr_3.gif]]  that fits the points has coefficients a and b given by:

    [image: [Graphics:Images/LeastSqLineMod_gr_4.gif]]
and
    [image: [Graphics:Images/LeastSqLineMod_gr_5.gif]] .

Remark.  The least squares line is often times called the line of regression.

 Mathematical Subroutine (Least Squares Line).

[image: [Graphics:Images/LeastSqLineMod_gr_6.gif]]

Philosophy.  What comes first the chicken or the egg ?  Which coordinate is more sacred, the abscissas or the ordinates.  We are always free to choose which variable is independent when we graph a line;  [image: [Graphics:Images/LeastSqLineMod_gr_109.gif]]  or   [image: [Graphics:Images/LeastSqLineMod_gr_110.gif]].  When you realize that two different "least squares lines" can be produced we are amazed.  What should we do ?  Which line should we use ?  You must decide a priori which variable is independent and which is dependent and then proceed. Exercise 3 asked you to think about the mathematics that is involved with this "paradox."



 Another "Fit"

Theorem (Power Fit). Given the  [image: [Graphics:Images/LeastSqLineMod_gr_111.gif]]  data points  [image: [Graphics:Images/LeastSqLineMod_gr_112.gif]],  the power curve  [image: [Graphics:Images/LeastSqLineMod_gr_113.gif]]  that fits the points has coefficients a given by:

    [image: [Graphics:Images/LeastSqLineMod_gr_114.gif]].

Remark.  The case m = 1 is a line that passes through the origin.

 Mathematical Subroutine (Power Curve).

[image: [Graphics:Images/LeastSqLineMod_gr_115.gif]]



Least Squares Polynomials:

Theorem ( Least-Squares Polynomial Curve Fitting ). Given the  [image: [Graphics:Images/LeastSqPolyMod_gr_1.gif]]  data points  [image: [Graphics:Images/LeastSqPolyMod_gr_2.gif]],  the least squares polynomial of degree  m  of the form  

        [image: [Graphics:Images/LeastSqPolyMod_gr_3.gif]]

that fits the n data points is obtained by solving the following linear system


        [image: [Graphics:Images/LeastSqPolyMod_gr_4.gif]][image: [Graphics:Images/LeastSqPolyMod_gr_5.gif]]  

for the m+1 coefficients [image: [Graphics:Images/LeastSqPolyMod_gr_6.gif]].  These equationsare referred to as the "normal equations".

 One thing is certain, to find the least squares polynomial the above linear system must be solved. There are various linear system solvers that could be used for this task.  However, since this is such an important computation, most mathematical software programs have a built-in subroutine for this purpose.  In Mathematica it is called the "Fit" procedure.  Fit[data, funs, vars] finds a leastsquares fit to a list of data as a linear combination of the functions funs of variablesvars.

We will check the "closeness of fit" with the Root Mean Square or RMS measure for the "error in the fit."

[image: [Graphics:Images/LeastSqPolyMod_gr_7.gif]]

 Mathematical Subroutine (Least Squares Parabola).

[image: [Graphics:Images/LeastSqPolyMod_gr_8.gif]]

Caution for polynomial curve fitting.   
Something goes radically wrong if the data is radically "NOT polynomial."  This phenomenon is called "polynomial wiggle."  The next example illustrates this concept.  

 

 Linear Least Squares
The linear least-squares problem is stated as follows.  Suppose that[image: [Graphics:Images/LeastSqPolyMod_gr_104.gif]] data points  [image: [Graphics:Images/LeastSqPolyMod_gr_105.gif]]  and a set of  [image: [Graphics:Images/LeastSqPolyMod_gr_106.gif]] linearly independent functions  [image: [Graphics:Images/LeastSqPolyMod_gr_107.gif]] are given.  We want to fine  [image: [Graphics:Images/LeastSqPolyMod_gr_108.gif]] coefficients  [image: [Graphics:Images/LeastSqPolyMod_gr_109.gif]]  so that the function  [image: [Graphics:Images/LeastSqPolyMod_gr_110.gif]]  given by the linear combination  
    
        [image: [Graphics:Images/LeastSqPolyMod_gr_111.gif]]  

will minimize the sum of the squares of the errors

        [image: [Graphics:Images/LeastSqPolyMod_gr_112.gif]].
Theorem (Linear Least Squares).  The solution to the linear least squares problem is found by creating the matrix  [image: [Graphics:Images/LeastSqPolyMod_gr_113.gif]]  whose elements are  [image: [Graphics:Images/LeastSqPolyMod_gr_114.gif]]

        [image: [Graphics:Images/LeastSqPolyMod_gr_115.gif]]
        
The coefficients [image: [Graphics:Images/LeastSqPolyMod_gr_116.gif]] are found by solving the linear system

        [image: [Graphics:Images/LeastSqPolyMod_gr_117.gif]]

where  [image: [Graphics:Images/LeastSqPolyMod_gr_118.gif]] and  [image: [Graphics:Images/LeastSqPolyMod_gr_119.gif]]



Nonlinear Curve Fitting:

Data Linearization Method for Exponential CurveFitting.  
 Fit the curve  [image: [Graphics:Images/NonLinearCurveFitMod_gr_1.gif]]  to the data points  [image: [Graphics:Images/NonLinearCurveFitMod_gr_2.gif]].  

Taking the logarithm of both sides we obtain  [image: [Graphics:Images/NonLinearCurveFitMod_gr_3.gif]][image: [Graphics:Images/NonLinearCurveFitMod_gr_4.gif]],  thus

        [image: [Graphics:Images/NonLinearCurveFitMod_gr_5.gif]].  
Introduce the change of variable  [image: [Graphics:Images/NonLinearCurveFitMod_gr_6.gif]].  Then the previous equation becomes  

        [image: [Graphics:Images/NonLinearCurveFitMod_gr_7.gif]]  
which is a linear equation in the variables X and Y.  

  Use the change of variables  [image: [Graphics:Images/NonLinearCurveFitMod_gr_8.gif]]  on all the data points and obtain

        [image: [Graphics:Images/NonLinearCurveFitMod_gr_9.gif]]  for  [image: [Graphics:Images/NonLinearCurveFitMod_gr_10.gif]].  

Fit the points [image: [Graphics:Images/NonLinearCurveFitMod_gr_11.gif]]  with a "least squares line" of the form  [image: [Graphics:Images/NonLinearCurveFitMod_gr_12.gif]].  

Comparing the equations  [image: [Graphics:Images/NonLinearCurveFitMod_gr_13.gif]]  we see that  [image: [Graphics:Images/NonLinearCurveFitMod_gr_14.gif]].  Thus

        [image: [Graphics:Images/NonLinearCurveFitMod_gr_15.gif]]
are used to construct the coefficients which are then used to "fit the curve"  

          [image: [Graphics:Images/NonLinearCurveFitMod_gr_16.gif]]  
to the given data points  [image: [Graphics:Images/NonLinearCurveFitMod_gr_17.gif]]  in the xy-plane.

 Data Linearization Method for a Power Function CurveFitting.  

    Fit the curve  [image: [Graphics:Images/NonLinearCurveFitMod_gr_70.gif]]  to the data points  [image: [Graphics:Images/NonLinearCurveFitMod_gr_71.gif]].  

Taking the logarithm of both sides we obtain  [image: [Graphics:Images/NonLinearCurveFitMod_gr_72.gif]][image: [Graphics:Images/NonLinearCurveFitMod_gr_73.gif]],  thus

        [image: [Graphics:Images/NonLinearCurveFitMod_gr_74.gif]].  
Introduce the change of variable  [image: [Graphics:Images/NonLinearCurveFitMod_gr_75.gif]].  Then the previous equation becomes  

        [image: [Graphics:Images/NonLinearCurveFitMod_gr_76.gif]]  
which is a linear equation in the variables X and Y.  

    Use the change of variables  [image: [Graphics:Images/NonLinearCurveFitMod_gr_77.gif]]  on all the data points and obtain

        [image: [Graphics:Images/NonLinearCurveFitMod_gr_78.gif]]  for  [image: [Graphics:Images/NonLinearCurveFitMod_gr_79.gif]].  


Fit the points [image: [Graphics:Images/NonLinearCurveFitMod_gr_80.gif]]  with a "least squares line" of the form  [image: [Graphics:Images/NonLinearCurveFitMod_gr_81.gif]].  
Comparing the equations  [image: [Graphics:Images/NonLinearCurveFitMod_gr_82.gif]]  we see that  [image: [Graphics:Images/NonLinearCurveFitMod_gr_83.gif]].  Thus

        [image: [Graphics:Images/NonLinearCurveFitMod_gr_84.gif]]
are used to construct the coefficients which are then used to "fit the curve"  

          [image: [Graphics:Images/NonLinearCurveFitMod_gr_85.gif]]  
to the given data points  [image: [Graphics:Images/NonLinearCurveFitMod_gr_86.gif]]  in the xy-plane.



Logistic Curve Fitting:

Background for the Logistic Curve Fitting.  
Fit the curve  [image: [Graphics:Images/LogisticEquationMod_gr_1.gif]]  to the data points  [image: [Graphics:Images/LogisticEquationMod_gr_2.gif]].  
Rearrange the terms  [image: [Graphics:Images/LogisticEquationMod_gr_3.gif]].  Then take thelogarithm of both sides:  

        [image: [Graphics:Images/LogisticEquationMod_gr_4.gif]].  
Introduce the change of variables:[image: [Graphics:Images/LogisticEquationMod_gr_5.gif]].  The previous equationbecomes  

        [image: [Graphics:Images/LogisticEquationMod_gr_6.gif]]     which is now "linearized."
Use this change of variables on the data points  [image: http://onestopgate.com/images/maths/numerical-analysis/curve/logistic/LogisticEquationMod_gr_7New.gif],  i.e. same abscissa's but transformed ordinates.

Now you have transformed data points:  [image: [Graphics:Images/LogisticEquationMod_gr_8.gif]].  
Use the "Fit" procedure get  Y = A X + B, which must match the form  [image: [Graphics:Images/LogisticEquationMod_gr_9.gif]],  hence we must have  [image: [Graphics:Images/LogisticEquationMod_gr_10.gif]]  and  a = A.  

 Remark.  For the method of "data linearization" we must know the constant  L in advance.  Since  L  is the "limiting population" for the  "S"  shaped logistic curve, a value of  L  that is appropriate to the problem at hand can usually be obtained by guessing.   

 Example.  Use the method of "data linearization" to find thelogistic curve that fits the data for the population of the U.S. for the years 1900-1990.  Fit the curve  [image: [Graphics:Images/LogisticEquationMod_gr_11.gif]]  to the census data for the population of the U.S.
        

		





Date

		





Populatlion



		[image: [Graphics:Images/LogisticEquationMod_gr_12.gif]]

		76094000



		[image: [Graphics:Images/LogisticEquationMod_gr_13.gif]]

		92407000



		[image: [Graphics:Images/LogisticEquationMod_gr_14.gif]]

		106461000



		[image: [Graphics:Images/LogisticEquationMod_gr_15.gif]]

		123076741



		[image: [Graphics:Images/LogisticEquationMod_gr_16.gif]]

		132122446



		[image: [Graphics:Images/LogisticEquationMod_gr_17.gif]]

		152271417



		[image: [Graphics:Images/LogisticEquationMod_gr_18.gif]]

		180671158



		[image: [Graphics:Images/LogisticEquationMod_gr_19.gif]]

		205052174



		[image: [Graphics:Images/LogisticEquationMod_gr_20.gif]]

		227224681



		[image: [Graphics:Images/LogisticEquationMod_gr_21.gif]]

		249464396





 

Fast Fourier Transform (FFT):

Definition ( Piecewise Continuous ).   The function  [image: [Graphics:Images/FourierSeriesMod_gr_1.gif]]  is piecewise continuous on the closed interval  [image: [Graphics:Images/FourierSeriesMod_gr_2.gif]],  if there exists values  [image: [Graphics:Images/FourierSeriesMod_gr_3.gif]]  with  [image: [Graphics:Images/FourierSeriesMod_gr_4.gif]]  such that  f  is continuous in each of the open intervals  [image: [Graphics:Images/FourierSeriesMod_gr_5.gif]],  for  [image: [Graphics:Images/FourierSeriesMod_gr_6.gif]]  and has left-hand and right-hand limits at each of the values  [image: [Graphics:Images/FourierSeriesMod_gr_7.gif]],  for  [image: [Graphics:Images/FourierSeriesMod_gr_8.gif]].  

 Definition ( Fourier Series ).   If  [image: [Graphics:Images/FourierSeriesMod_gr_9.gif]]  is periodic with period  [image: [Graphics:Images/FourierSeriesMod_gr_10.gif]]  and is piecewise continuous on  [image: [Graphics:Images/FourierSeriesMod_gr_11.gif]],  then the Fourier Series  [image: [Graphics:Images/FourierSeriesMod_gr_12.gif]]  for  [image: [Graphics:Images/FourierSeriesMod_gr_13.gif]]  is

        [image: [Graphics:Images/FourierSeriesMod_gr_14.gif]],
where the coefficients  [image: [Graphics:Images/FourierSeriesMod_gr_15.gif]]  are given by the so-calledEuler's formulae:  

        [image: [Graphics:Images/FourierSeriesMod_gr_16.gif]],  
and  
        [image: [Graphics:Images/FourierSeriesMod_gr_17.gif]].  

 Theorem (Fourier Expansion).  Assume that  [image: [Graphics:Images/FourierSeriesMod_gr_18.gif]]  is the Fourier Series for  [image: [Graphics:Images/FourierSeriesMod_gr_19.gif]].   If  [image: [Graphics:Images/FourierSeriesMod_gr_20.gif]]  are piecewise continuous on  [image: [Graphics:Images/FourierSeriesMod_gr_21.gif]],  then  [image: [Graphics:Images/FourierSeriesMod_gr_22.gif]]  is convergent for all  [image: [Graphics:Images/FourierSeriesMod_gr_23.gif]].  

The relation  [image: [Graphics:Images/FourierSeriesMod_gr_24.gif]]  holds for all  [image: [Graphics:Images/FourierSeriesMod_gr_25.gif]]where  [image: [Graphics:Images/FourierSeriesMod_gr_26.gif]]  is continuous.  If  [image: [Graphics:Images/FourierSeriesMod_gr_27.gif]]  is a point ofdiscontinuity of  [image: [Graphics:Images/FourierSeriesMod_gr_28.gif]],  then

         [image: [Graphics:Images/FourierSeriesMod_gr_29.gif]],  
where  [image: [Graphics:Images/FourierSeriesMod_gr_30.gif]]  denote the left-hand and right-hand limits, respectively.  With this understanding, we have the Fourier Series expansion:

        [image: [Graphics:Images/FourierSeriesMod_gr_31.gif]].  

 Definition (Fourier Polynomial).  If  [image: [Graphics:Images/FourierSeriesMod_gr_32.gif]]  is periodic with period  [image: [Graphics:Images/FourierSeriesMod_gr_33.gif]]  and is piecewise continuous on  [image: [Graphics:Images/FourierSeriesMod_gr_34.gif]],  then the Fourier Polynomial  [image: [Graphics:Images/FourierSeriesMod_gr_35.gif]]  for  [image: [Graphics:Images/FourierSeriesMod_gr_36.gif]]  of degree m is

        [image: [Graphics:Images/FourierSeriesMod_gr_37.gif]],

where the coefficients  [image: [Graphics:Images/FourierSeriesMod_gr_38.gif]]  are given by the so-calledEuler's formulae:  

        [image: [Graphics:Images/FourierSeriesMod_gr_39.gif]],  
and  
        [image: [Graphics:Images/FourierSeriesMod_gr_40.gif]].  

 Numerical Integration calculation for the Fourier trigonometric polynomial.  

    

Assume that  [image: [Graphics:Images/FourierSeriesMod_gr_67.gif]]  is periodic with period  [image: [Graphics:Images/FourierSeriesMod_gr_68.gif]]  and is piecewise continuous on  [image: [Graphics:Images/FourierSeriesMod_gr_69.gif]], we shall construct the Fourier trigonometric polynomial over [0,2L] of degree m.

        [image: [Graphics:Images/FourierSeriesMod_gr_70.gif]],   

There are n subintervals of equal width  [image: [Graphics:Images/FourierSeriesMod_gr_71.gif]]  based on  [image: [Graphics:Images/FourierSeriesMod_gr_72.gif]].  The coefficients are   

        [image: [Graphics:Images/FourierSeriesMod_gr_73.gif]]  for  [image: [Graphics:Images/FourierSeriesMod_gr_74.gif]].  
and
        [image: [Graphics:Images/FourierSeriesMod_gr_75.gif]]  for  [image: [Graphics:Images/FourierSeriesMod_gr_76.gif]].  

The construction is possible provided that  [image: [Graphics:Images/FourierSeriesMod_gr_77.gif]].  

 Remark.  The sums can be viewed as numerical integrationof Euler's formulae when [0,2L] is divided into nsubintervals.  The trapezoidal rule uses the weights [image: [Graphics:Images/FourierSeriesMod_gr_78.gif]] for both the [image: [Graphics:Images/FourierSeriesMod_gr_79.gif]] and [image: [Graphics:Images/FourierSeriesMod_gr_80.gif]].  Since f(x) has period  [image: [Graphics:Images/FourierSeriesMod_gr_81.gif]],  it follows that [image: [Graphics:Images/FourierSeriesMod_gr_82.gif]]. This permits us to use 1 for all the weights and the summation index from  [image: [Graphics:Images/FourierSeriesMod_gr_83.gif]].  

 The Fast Fourier Transform for data.  

The FFT is used to find the trigonometric polynomial when only data points are given.  We will demonstrate three ways to calculate the FFT.  The first method involves computingsums, similar to "numerical integration," the second method involves "curve fitting," the third method involves "complex numbers."  

 Computing the FFT with sums.  
Given data points [image: [Graphics:Images/FourierSeriesMod_gr_127.gif]] where [image: [Graphics:Images/FourierSeriesMod_gr_128.gif]] and [image: [Graphics:Images/FourierSeriesMod_gr_129.gif]]over [0,2L] where [image: [Graphics:Images/FourierSeriesMod_gr_130.gif]] for [image: [Graphics:Images/FourierSeriesMod_gr_131.gif]].   Also given that [image: [Graphics:Images/FourierSeriesMod_gr_132.gif]], to that the data is periodic with period [image: [Graphics:Images/FourierSeriesMod_gr_133.gif]].  We shall construct the FFT polynomial over [0,2L] of degree m.

        [image: [Graphics:Images/FourierSeriesMod_gr_134.gif]],   
The abscissa's form  n subintervals of equal width  [image: [Graphics:Images/FourierSeriesMod_gr_135.gif]]  based on  [image: [Graphics:Images/FourierSeriesMod_gr_136.gif]].  The coefficients are   

        [image: [Graphics:Images/FourierSeriesMod_gr_137.gif]]  for  [image: [Graphics:Images/FourierSeriesMod_gr_138.gif]]
and
        [image: [Graphics:Images/FourierSeriesMod_gr_139.gif]]  for  [image: [Graphics:Images/FourierSeriesMod_gr_140.gif]].  

The construction is possible provided that  [image: [Graphics:Images/FourierSeriesMod_gr_141.gif]].  



Determinants and Conic Section Curves:

 Background.  
Five points in the plane uniquely determine an equation for a conic section. The implicit formula for a conic section is often mentioned in textbooks, and the special cases for an ellipse, hyperbola, parabola, circle are obtained by either setting some coefficients equal to zero or making them the same value.

 Implicit Equation for a Line.  
The equation  [image: [Graphics:Images/ConicFitMod_gr_1.gif]]  of the line through the two points  [image: [Graphics:Images/ConicFitMod_gr_2.gif]]  can be computed with the determinant    

        [image: [Graphics:Images/ConicFitMod_gr_3.gif]]  



Numerical Differentiation:

Background.

Numerical differentiation formulas formulas can be derived by first constructingthe Lagrange interpolating polynomial  [image: [Graphics:Images/NumericalDiffMod_gr_1.gif]] through three points,differentiating the Lagrange polynomial, and finally evaluating  [image: [Graphics:Images/NumericalDiffMod_gr_2.gif]]  at the desired point.  In this module the truncation error will be investigated, but round off error from computer arithmetic using computer numbers will be studied in another module.

Theorem  (Three point rule for [image: [Graphics:Images/NumericalDiffMod_gr_3.gif]]).  The central difference formula for  the first derivative, based on three points is  

    [image: [Graphics:Images/NumericalDiffMod_gr_4.gif]],  
and the remainder term is

    [image: [Graphics:Images/NumericalDiffMod_gr_5.gif]].



Together they make the equation  [image: [Graphics:Images/NumericalDiffMod_gr_6.gif]],  and the truncation error bound is  

    [image: [Graphics:Images/NumericalDiffMod_gr_7.gif]]  

where  [image: [Graphics:Images/NumericalDiffMod_gr_8.gif]].  This gives rise to the Big "O" notationfor the error term for  [image: [Graphics:Images/NumericalDiffMod_gr_9.gif]]:

    [image: [Graphics:Images/NumericalDiffMod_gr_10.gif]].   

Theorem  (Three point rule for [image: [Graphics:Images/NumericalDiffMod_gr_11.gif]]).  The central difference formula for the second derivative, based on three points is  

    [image: [Graphics:Images/NumericalDiffMod_gr_12.gif]],  

and the remainder term is

    [image: [Graphics:Images/NumericalDiffMod_gr_13.gif]].
Together they make the equation  [image: [Graphics:Images/NumericalDiffMod_gr_14.gif]],  and the truncation error bound is  

    [image: [Graphics:Images/NumericalDiffMod_gr_15.gif]]  

where  [image: [Graphics:Images/NumericalDiffMod_gr_16.gif]].    This gives rise to the Big "O" notation or the error term for  [image: [Graphics:Images/NumericalDiffMod_gr_17.gif]]:

    [image: [Graphics:Images/NumericalDiffMod_gr_18.gif]] [image: [Graphics:Images/NumericalDiffMod_gr_19.gif]].  

Project I.  

    Investigate the numerical differentiation formula  [image: [Graphics:Images/NumericalDiffMod_gr_20.gif]]  and truncation error bound  [image: [Graphics:Images/NumericalDiffMod_gr_21.gif]]  where  [image: [Graphics:Images/NumericalDiffMod_gr_22.gif]].   The truncation error is investigated.  The round off error from computer arithmetic using computer numbers will be studied in another module.

Enter the three point formula for numerical differentiation.

[image: [Graphics:Images/NumericalDiffMod_gr_23.gif]]

[image: [Graphics:Images/NumericalDiffMod_gr_24.gif]]

Aside.  From a mathematical standpoint, we expect that the limit of the difference quotient is the derivative. Such is the case, check it out.

[image: [Graphics:Images/NumericalDiffMod_gr_25.gif]]

[image: [Graphics:Images/NumericalDiffMod_gr_26.gif]]

Example  Consider the function  [image: [Graphics:Images/NumericalDiffMod_gr_27.gif]].   Find the formula for the third derivative [image: [Graphics:Images/NumericalDiffMod_gr_28.gif]], it will be used in our explorations for the remainder term and the truncation error bound.  Graph  [image: [Graphics:Images/NumericalDiffMod_gr_29.gif]].  Find the bound  [image: [Graphics:Images/NumericalDiffMod_gr_30.gif]].  Look at it's graph and estimate the value  [image: [Graphics:Images/NumericalDiffMod_gr_31.gif]], be sure to take the absolute value if necessary.

Solution

Project II. 

Investigate the numerical differentiation formulae  [image: [Graphics:Images/NumericalDiffMod_gr_135.gif]]  and truncation error bound  [image: [Graphics:Images/NumericalDiffMod_gr_136.gif]]  where  [image: [Graphics:Images/NumericalDiffMod_gr_137.gif]].  The truncation error is investigated.  The round off error from computer arithmetic using computer numbers will be studied in another module.

Enter the formula for numerical differentiation.

[image: [Graphics:Images/NumericalDiffMod_gr_138.gif]]

[image: [Graphics:Images/NumericalDiffMod_gr_139.gif]]

Aside.  It looks like the formula is a second divided difference, i.e. the difference quotient of two difference quotients.  Such is the case.

[image: [Graphics:Images/NumericalDiffMod_gr_140.gif]]

[image: [Graphics:Images/NumericalDiffMod_gr_141.gif]]

Aside.  From a mathematical standpoint, we expect that the limit of the second divided difference is the second derivative. Such is the case.

[image: [Graphics:Images/NumericalDiffMod_gr_142.gif]]

[image: [Graphics:Images/NumericalDiffMod_gr_143.gif]]

Example.  Consider the function  [image: [Graphics:Images/NumericalDiffMod_gr_144.gif]].   Find the formula for the fourth derivative [image: [Graphics:Images/NumericalDiffMod_gr_145.gif]], it will be used in our explorations for theremainder term and the truncation error bound.  Graph  [image: [Graphics:Images/NumericalDiffMod_gr_146.gif]].  Find the bound  [image: [Graphics:Images/NumericalDiffMod_gr_147.gif]].  Look at it's graph and estimate the value  [image: [Graphics:Images/NumericalDiffMod_gr_148.gif]],  be sure to take the absolute value if necessary.
Solution
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